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We consider the sub-Lorentzian geometry of curves and surfaces in the Lie group E(1, 1). Firstly, as an application of Riemannian
approximants scheme, we give the definition of Lorentzian approximants scheme for E(1, 1) which is a sequence of Lorentzian

manifolds denoted by E)L\I,)‘z. By using the Koszul formula, we calculate the expressions of Levi-Civita connection and curvature

tensor in the Lorentzian approximants of E/L\w\z in terms of the basis {E,, E,, E;}. These expressions will be used to define the

notions of the intrinsic curvature for curves, the intrinsic geodesic curvature of curves on surfaces, and the intrinsic Gaussian
curvature of surfaces away from characteristic points. Furthermore, we derive the expressions of those curvatures and prove

two generalized Gauss-Bonnet theorems in Eﬁl A

1. Introduction

In recent years, there has been done a lot of research con-
cerning Gauss-Bonnet theorems in three-dimensional Lie
groups with sub-Riemannian geometric structures. One of
the reasons for this success is the discovery of the method
of Riemannian approximations. Initial work by Balogh
et al. proved a Heisenberg version of the Gauss-Bonnet the-
orem with the help of the method of Riemannian approxi-
mations [1, 2]. Hereafter the above work, many research
on Gauss-Bonnet theorem have been gained; we refer the
monograph [3-6]. In particular, Wang and Wei proved
Gauss-Bonnet theorems on the affine group [3], the group
of rigid motions of the Minkowski plane [3, 4], the BCV
spaces [5], and the Lorentzian Heisenberg group [4, 6].
Inspired by their work, we proved Gauss-Bonnet theorems
in the rototranslation group [7, 8], Lorentzian Sasakian
space forms, and the group of rigid motions of Minkowski
plane with the general left-invariant metric [9, 10]. Rie-
mannian approximations can be extended to the case for
any Lie group equipped with left-invariant Lorentzian met-
ric g named Lorentzian approximations. In particular, one
can consider a sequence of Lorentzian manifolds denoted

by (G, g;), where a family of metrics g, = -0, ® w, + 0, ®
w, + Lw®w, for L >0, is essentially obtained as an aniso-
tropic blow-up of the Lorentzian metric g. Then, one can
define sub-Lorentzian objects as limits of horizontal objects
in (G, g;), since the intrinsic horizontal geometry does not
change with L. Some typical works of Lorentzian approxi-
mations in the Lorentzian Heisenberg group are obtained
in [4, 6]. For Lorentzian Sasakian space forms, see [9].

In this paper, we consider sub-Lorentzian geometry of
curves and surfaces on E(1, 1). The group of rigid motions
of Minkowski plane E(1, 1) has two left-invariant Lorentzian
metrics g; and g, [11, 12]. Onda proved that the metric g, is
a Lorentz Ricci soliton [12]. In [13], Patrangenaru proved
that any left-invariant metric on E(1, 1) is isometric to one
of the metric g(A;, A,, ;) with A, > A, >0 and A; = 1/A,A,.
In [14], the metric g(A,,A,, A;) was denoted by g(A;, A,)
=g(A, Ay, /A A,). E(1,1) with the metric g(A;,A,) pro-
vides a natural 2-parametric deformation family of Sol; =
(E(1,1),g(1,1)) which is the model space of solve geom-
etry in the eight model geometries of Thurston, which makes
(E(1,1), g(A, A,)) very interesting and important [14, 15].
However, very little is known about sub-Lorentzian geometry
of E(1, 1). In this paper, we focus on the general left-invariant
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Lorentzian metric g = —w, ® w; + w, ® w, + w ® w on E(1, 1),
where the coframe w, = 1/\/A; A, dus, w, = A, /1v/2(—e " du,
+e"duy), w=-MA/2(e " du, +edu,). By using the
method of Lorentzian approximations, we consider a
sequence of Lorentzian manifolds Eﬁl’ y, = (E(1L,1), g,)s
where g, =-w, ®w, +w, ®w, + Lw®w, for L >0, is an
anisotropic blow-up of the Lorentzian metric g. Using the
Koszul formula, we calculate the expressions of Levi-Civita
connection and curvature tensor in the Lorentzian approxi-
mants of Eﬁl,/\z in terms of the basis {E,, E,, E;}. We define
the notions of the intrinsic curvature for regular curves, the
intrinsic geodesic curvature of regular curves on spacelike
surfaces and Lorentzian surfaces, and the intrinsic Gaussian
curvature of spacelike surfaces and Lorentzian surfaces away
from characteristic points. Furthermore, we derive the
expressions of those curvatures and prove two generalized
Gauss-Bonnet theorems in Eﬁw\z'

This paper is organized as follows. In Section 2, we intro-
duce the Lorentzian approximations of (E(1,1), g) and cal-
culate the expressions of corresponding Levi-Civita
connection in terms of the basis {E,, E,, E; }. Furthermore,
we define the notions of geodesic curvature and intrinsic
geodesic curvature of curves in Eﬁl, A, We get the expressions
of those curvatures and give an example. In Sections 3 and 4,
we compute intrinsic geodesic curvatures of regular curves
on Lorentzian surfaces and the intrinsic Gaussian curvature
of Lorentzian surfaces in Eﬁl’/\z. We also give two examples.

In Section 5, we get the first Gauss-Bonnet theorem in Eﬁl, A

In Section 6, we compute intrinsic geodesic curvature of
curves on spacelike surfaces and the intrinsic Gaussian cur-
vature of spacelike surfaces in Eﬁl 5, and we get the second

Guass-Bonnet theorem.

2. Curvatures for Curves in Lorentzian
Approximations Eljl, Az

In this section, some basic notions in the Lorentzian group
of rigid motions of the Minkowski plane group will be intro-
duced. Let E(1, 1) be the motion group of the Minkowski 2
-space. This consists of all matrices of the form

e 0 u
E(1,1)= 0 e™ u,
0 0 1

U, Uy, us ER 3. (1)

Topologically, E(1,1) is a Lie group which is diffeo-
morphic to R?. Its Lie algebra has a basis consisting of

(2)

0
E,= - — e — |, 3
? /\1\/5( Ou, a”z) ®)
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1 0 0
Ej=———(e"—+e™—|, 4
’ /\2\/i <e ouy ‘ a“z) @

for which
[El’Ez] :A22E3’ (5)
[EpEs] =0, (6)
[E1>E3] = Alez- (7)

From the above equations in Equation (2), we get that

2
- == LE M), ®)

o, ¢ (M E;y = A EB3), )
0 1
= E,. 10
du, A, (10)

We denote span{E,, E,, E;} = T(E(1,1)). Let H =span
{E,, E, } be the horizontal distribution on E(1,1) and

1
wy = 761”3: (11)

Vi,

A

w, = —12 (=e™"du, + e du,), (12)
AZ —Uu U

w=——(e"du, +e"du,). (13)

V2

Then, H =kerw. We consider the left-invariant Lorent-
zian metrics given by g = -w, ® w, + w, ® w, + w ® w and its
anisotropic blow-up g, =-w, ® w, +w, ®w, + Lw® w, for
L>0. We call (E(1,1),g;) the Lorentzian approximants of
E(1,1) and denote by E/L\MZ =(E(1,1), g;) throughout the
paper. It is easy to check that g = g, is the Lorentzian metric
on E(1,1) and E,, E,, E, = L""?E, are pseudo-orthonormal
basis on T(E(1, 1)) with respect to g;. Then, the Levi-Civita
connection V5 of E} , s given by following proposition.
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Proposition 1. The Levi-Civita connection VEL relative to the
. = L . . .
coordinate frame Ey, E,, E; of E} , is described as follows:

vg;LEj=o,1sjs3,

E,L _ 1
Vi Ey= < Es,
ML-A2
E,L _ 2 1
Vi E = — " Es,
> (14)
VE’LE AI /\ZLE
E, T3 P 2
A -AL
E,L
Ve E, = 2°E,,
A+ AL
VElE;=VilE,= -2,

Proof. To derive the above expressions, it is useful to recall
the following Koszul identity from the famous proof of the
unique of Riemannian connection:

2<vg:LEj, Ek>L = ([E» E}]. Ey), - ([E,E]. E)),
+ <[EkEi]’Ej>L>

(15)

where i,j,k=1,2,3. By Equations (3) and (14), the first
formula in Equation (11) is as follows:

2(VE'E,B) =([Ep BB, - ([Ep BBy,
+([Bu B B), = ~([B: B B),
+([BuE].E), =2([BuE].E),.

(16)
When j =1, we compute <VE’ILE1>E1<>L ([E> Ey), Ep);- It
follows that (Vi'E,, E;) =0, (Vi'E, E,), = ([E, )], Ey),

= (-A,’E3, Ey), =0 and <V§’1LE1’ E;), = ([Es5, Ey}, Ey), =0.
Hence, V‘IEE’ILE1 =0. Similarly, V?ZLE2 =0and VE;LE3 =0. More-
over, other expressions follow some similar computations.

A parametrized curve in Eiph isamapa:l— Eip/\z’
where I is an open interval in R, where a(t) = («, (¢), a, ()
,a5(t)) and each function «;(¢) has derivatives of two orders,
for all t € I. Such « is called C*-smooth. The regular curve «
is called regular provided that there does not exist t € I with
a(t) =da(t)/dt =0. We call o a spacelike curve, timelike
curve, or null curve if &(t) =da(t)/dt is a spacelike vector,
timelike vector, or null vector at any ¢ € I, respectively. [

Definition 2. For an arbitrary C'-smooth regular curve a : I
—>Eil))L2, at) = (a,(t), 4y (£), a5(t)), we say that a(t) is a
horizontal point of & provided the following function w(é
(t)) satisfies the following:

>.,

w(a(t)) =- 722( e “du, +e“du,)

(W

L2

== (e7®a (1) +eBa,(t)) =0.

() i) (17

Definition 3. For an arbitrary C*-smooth regular curve « : I
— Eﬁ A, a(t) = (o (1), &y (1), a3(1)), we define the geodesic
curvature ¥ of « at ¢ in the following way.

12 .2
Kg’L = vajLiHL _ <V§jL0f’ (:>L, (18)
el (@ a);
if V2% is a spacelike vector.
VE’L. 2 VE’L., 2
Kg’L — H 01. (ZHL + < (X. 0( (;>L) (19)
el (@ &);

if Vg’L & is a timelike vector.

Proposition 4. There are formulae of curvature for C’
-smooth regular curve o : I — Eﬁ; P

(1) If V,BLa is a spacelike vector, then

1
Ky = {— {m""‘s(t) -

+ e"‘idcz(t))w(éc(t))] + [

APVISANAVIL,
1 21 2 (_e 30¢1(t)

V2

(86" + dybrze™

— e+ dyage ) — Lw(éc(t))é@(t)]

AVE L
2/'\L( & (1)

+ e"‘3é¢2(t))d3(t)}2} : {— [ﬁé‘s(t)r

: [%j(—e%m : e%(t))]

+L[d< (@(1))) -

1/2

+L(w(d(f)))2} —Ky 0 s

(20)



B 1. 1. A2V2+ 40,720
Kz——{m%(t)[kl/\z%(tw“ >

A3
2

(—e™%a,; +eMay)

(e (1) + e“3d2(t))w(o'ct)] +
A2
2

(6 €™ + dy05e™ — e ™ + jize ™) - Lw(éc)é@]

+ La(a(0) [% (@latt) - Y2 (e )

s, (t))%(t)] } {_[Af/\z dg(t)}z

¥
=+ [
2

-3

(me™ay (1) + 6“3562(1‘))] + L(w(fx(f)))z}
(21)

In particular, if a(t) is a horizontal point of a,

1
L _ ..
KE - { { [TlAz o3

+éc10'c3e“3)} +L[;t( (@(0) = S (e

+e“sa2<t))a3(r>} } - { [ﬁ%m}
&
.
2

2
(t)] + P V2 (Gpe™ + dyitze™ — &e”

2N 2

(e (1) + e%(t))} }
1. 1. M2
- {Mzas(t) ]+ 25

+ e (1)) [A’f

2 2\
-{—[Afhaxr)} Fﬂ “Jal(t>+e“3a2<r>)” }

(22)

(e (1)

2
(0™ + dyaze™ —dje ™ + dléc3e_"‘3):| }

1/2

(2) If V,PLa is a timelike vector, then

- { { [ﬁ o) - MV o a2<t>>w<a(t>>}

F\[

2
(0,6 + dyi5e™ — & e + &y iz ™) — Lw(d(t))d3(t):|

—L{%(w(d(t)))— M{( e“3a1<t>+e%az<t>>a3<t>} }
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-2

: { o) + Pf (e () +e“fa2<t>>} +L<w<a<r>>>2}

1
{/\A“3(t)|: e

3 2
1 (1) + )NHZM

(meTa (1) + e dy(t) )w(« t))] \/- (—e™a; +e%ay)

MV2 . L . - s
: [ V2 (0p™ + dy036™ — &7 + &yize” ™) — Lw(a)(xj}

+Loa(r) [% (@(@(1) - M{( —e i (1) + ewom(r)} }

{[ (o] + {“;/jee“*m(r>+e%az<t>>}

12

+L<w(a<t)>>2} } : (23)

In particular, if a(t) is a horizontal point of a,

P R —

d, . A2V2
—L{a (@@(®) - S

-{—{ﬁda(ﬂ] + {AIT\/E(_e_aJ‘kz(t) +ea3‘5‘2(t)):| }

ER e

5 (mea (1) +ehay(h)

(e, (t) + e%dz(t))%(t)} }

-2

2. -3y 12
,Hﬁa@m} +{¥(—e%az<t>+e%%(t>)} } } :

(24)

Proof. By Equation (8), we have the following:

0 0 0
aft) = é‘l(t)a + é‘z(t)a + ‘5‘3<t)a—z
Y(MEy + A E5)a (1)

V2

+ 7(3"‘3 (ME,

1 . A\f

- LE;y)a(t) + Eya5(1)

1
MAy

(e %y (1)

By Proposition 1 and Equation (25), we get the following:



Advances in Mathematical Physics

1 . A .
Vi'E, = maS(t)VIEE’ILEl + (—e (1)

+ ey (t))VE By +w(a(t))VE E,

_ M _AéLw(éc(t))E ) ~MAV2L - V2
2 2 4L

(e My (1) + €My (1)) Es,

(26)

VELE, = 1 IA & (1) VEE, + (—e %, (1)

+e%0,(1))VE E + w(&(t)) Vi E, (27)

A+ AL /\2L /\2
=-— 2 2 w((x(t)>El+ ZAAL 3(t)E3’

VilEs = s (1 )VELE

1 s
W (—e™2ay (1)

3 2 (28)
- _ A’l\/j + 21A2ﬂL (—e_a3d1 (t)

A -XL

+e%a,(1)E, + W

a3(1)E,.

Using Equations (25) and (26), we have the following:

A
L + 1;/5(—6""3661(1‘)+e“3dz(t))Ez+w(‘3‘(t))E3}

AV ARV g )4 e“sazm)w(a(r))} E,

1 .
=" {WW -
2

{A\f

' th (@(@E) - );A\Z/LZ (mea () + e%dZ(t))é‘s(t)} Es.

(6™ + dyize™ — iy e™™ + & dze” ™) — Lo(é( ))oc3(t)} E,

(29)

By Equations (14), (25), and (29), we obtain the following:

2

AR ADVIL (o 1)+ i) ol(t)

. 1 .
954l = 0

[/\ V2 (Gye™ + Gydze™ — de™™ + & dze ™) — Lw(oc(t))oc;(t)}
v [% (@(at) - 202 a0+ e“sfa(t))o‘cz(r)} ,

2

! = { [ (r)} Fﬁ e‘“sa]<r>+e“3az<r>>} +L(w<a<r>>>2},

(Vi &), = {ﬁ (1) {ﬁa@(t) - A2 by
e+ dz(t))w(d(t))}
R

——(med (1) + P iy (1))

. A’ \/_

(0™ + dya3e™ — d e + & dze” ™)

—Lw(au))as(t)] +La(i()

(a NV2, NG ’
e S e e »%(t))as(r)” ,

3

2 2
<a,d>i={—[@a,@(t>] : [Mﬂ_e—w)w a(t))} +L<w<o’v(t>)>2}-

(30)

O

By the definition of 2, we get the desired formulae of
curvature.

Definition 5. Let o : I—>Eﬁl)A2 be a C*-smooth regular

curve, we define the intrinsic curvature k> of a at a(f) to
be

™= lim re (31)

if the limit exists.

To derive the expression of intrinsic curvature, we need
the following notion: for continuous functions h;, h, : (0,+
00) — R,

hy(L) ~h,(L),asL — +o00 & Lli_r)noO R0,

Proposition 6. Let a: [ — E} , be a C*-smooth regular
72
curve in E/L\Mz'

(1) If V,Pra is a spacelike vector and (-AIM3/2)
(—e %6, (1) + €%, (1)) + (a5(t))° > 0, then we have
the following formula of x5, If w(i(t)) # 0, then

oo V(AR e () + endn(6)) + (6 (1)

: jw(@(t))]

(33)



If w(&(t)) =0 and (d/dt)(w(&(t))) =0, then

{7
{ [ﬁwr v [“Tﬁ(—e“sw) v e%az(t»r}

_ {_Aj)tza@(:) <A11A2 i5c3(t)> + %ﬁ

2
o a e g e a e s
(0y"™ + dty03e™ — 0 6™ + @ dze 3)} }

-2

(= a (1) + eBdy(1))

2
-Gy + dyaze™ — & e + éc,é@e"“)}

2 2y 3y 12
'{_[A,Ihz%(t)} +[Alf(—e'%dl(t)+e“30'c2(t)):| } } .

(34)

If w(&(t)) = 0 and d/dt(w(&(t))) # 0, then

e () (1)) .
TV Hunsr + [(AaR)ceni o - ei)]

(35)

) If V.Bla is a timelike vector and (AIA3/2)
(—e %, (t) + e%a,(t))” - (a5(t))° > 0, then we have
the following formula of k2. If w(&(t)) # 0, then

V (3A312) (me-esdsy (1) + ey (1)) = (@(1))°

. w(@(®)]
(36)
If w(&(t)) =0 and (d/dt)(w(&(t))) =0, then
Koo = {—{— {ﬁ'é@(t)} + [A’f (b€ + dydze™
— e +é¢1éc3e""3)} } . {— {ﬁé@(t)}
+ [Alf (me ™y (1) + 6“30'62(0)} }
1 A2 (37)

+ [—ﬁ%(t) (mé@(t)) + =

(e a (1) + ey (t)) (e + dpze™
2 ; 5
—ae %+ écﬁ@e"”)} . {— {W%(t)}
)

2y -3y 112
+[A’%ﬁ<—e“ﬂm<t>+e%az<r>>}} } :

Proof.

(VB &)
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(1) If Via is a spacelike vector, when w(a(t)) #0, we
have the following:

S e (1) 4 ey (1) + (6 (1)

(VE1, VEI) - [
. (w(éc(t)))sz asL — +00,
(6 &), ~ L{w(&(t)))% (VEVa, &) ~ O(L?) as L — +oo.
(38)
Therefore,

IVERa]l;  (FAIA2) (e () + enin (1)) + (1))
[k (w(&(t))’

-asL — +00,

— L — 0as L — +oo.
(@, &)

(39)

If w(a(t)) # 0, by Equation (7), we have the following:

00

_ \/(_Aff\;l/Z)(_e_“‘*dl(t) +end, (1) + (a5(1))
¢ |w(a(t))] '

(40)

By Equation (20) and (d/dt)(w(&(t))) =0, we have the
following:

- | R D PRV
K :{{—[m%(t)} +[ 12 (€™ + &ydze™

—de s+ d1d3e‘“3)] 2} : { {—%Azd (t)} 2

3
-2
[Al V2
+
2

(—6“3d1(f)+6“3d2(f))] }

_ [ﬁ%(r) (ﬁb@(r)) + Alf

2
+eMa, (1)) (Aye™ + dydye®™ — e + d1d3e_“3)1

: {_ th/\z as(t)] " [AIT\E (me ()

2w —3y 12
+e"‘3d2(t))] } }

(—e ™ (1)

(41)
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When w(&(t)) =0 and (d/dt)(w(&(t))) # 0, we have the
following:

(Vita, Vita) ~L [% (w(d(t)))] 2 as L — +00,

2

(), == (0] [%5 (e 1) +e“3az<t>>] ,

(42)

(VEL &, )2 = O(1) as L — +00. Tf w(é(£)) =0 and (d/dt)(
w(&(t))) #0, by (Equation (15)), we get the following:

lim K
L—rooﬁ
_ |(drdt)(w(&(1)))| .
SIUA A (0] + [ (W V212) (e (1) + evi (1))
(43)
(2) By some similar computations, we get (2).
O

Example 7. Let a : I — E% | be a C*-smooth regular curve,
1742

where I is an open interval in R and a(t) = (o) (¢), a,(¢), a3
(t)). We compute the following:

. MV2 . o
W(&(t)) === (e Ma (1) + ey (h).  (44)
By Equation (29), we have the following:
1 W2 V2L
V£>Léc=—b (1) - MY AEIL g
142

e e g
(e + dyize™

+e“3dc2(t))w(éc(t))] E, + Pf

— @+ dy e ™) - Lw(d(t))é@(t)] E,

: [% (wlat) - B (a0

+ e“3éc2(t))éc3(t)] Es,

9L(E1’E1) =-1
9" (B E)=1,
gL(E3,E3) =L.

Suppose that «a(t) =
regular curve, and o, (¢) =1, a,(t)
have the following:

V2

w(éc(t)):—T( 0x0+e°><1)=—§ #0,

vﬁ%:-lo- V2t V2L (—e"x 0+¢®x1) x (—ﬂ>]E1

(1,£,0),A, =2, =
=t

1 be a C?>-smooth
yos(t) =

0. Then, we

2

7(0><e°+1><0><e°—0><e°+0><0><e°)

() fal9)

+[ﬂ

2 1+L
- %(—eox0+e°xl) x0]E3=— i
(46)
Therefore, we have the following:
1+L)
(VEE6, ViR &) = - ( i S o (47)

It implies that V2 & is a timelike vector and (A713/2)
(e %, (t) + e%d, () - (&(t))* = 1/2 > 0. By Proposition
6, we have the following:

=1. (48)

We can use the above example to illustrate the meaning
of Definition 5. We assume that a(t) = (1,£,0),4;, =1, 4, =
2. Then, we have the following:

w(@(t)) =V2(e* x 0+ ¢® x 1) =—v2 #0,
v“a:-l—; x0— V2+4vaL

p 5 (—e°><0+e°><1)

x(—ﬂ)]El+ [?(Oxe(Hleer—O

xe’ +0x0xe’) —Lx (—\/E)XO]EZ

d V2
+ Lit<_\/§) - E(—e°><0+e°><1) ><O]E3
= —(1+4L)E,.
(49)
Therefore, we have the following:
(Vila, VEta) = —(1+4L)* <0. (50)



It implies that V*a is a timelike vector and (1}15/2)
(e, (t) + e%d, (1)) - (d5(t))* =8 >0. By Proposition
6, we have the following:

Kb = Ve =2. (51)

NG)
3. Geodesic Curvatures for Curves on
Lorentzian Surfaces in Lorentzian
Approximations Ej

In this section, we will compute geodesic curvatures for
curves on Lorentzian surfaces in Lorentzian approximations
Eﬁl 1, We consider a regular surface S Eﬁl 2, such that Sisa

C?-smooth compact and oriented surface. Supposed that
S= {(ul,uz,u3) EEﬁDAZ : F(uy, uy, ) =0}, (52)

where F: Ef ; — R is a C*-smooth function and F, 9,
+F,0, +F,0, #0. A point u €S is called characteristic
if VyF(u) =0, where VyF =—-E,(F)E, + E,(F)E,. We call
the set C(S) == {uy, uy, uy) € S|V F(uy, Uy, u3) = 0} character-
istic set of S. We will give some symbols away from character-
istic points of S. We define p, := E, F, q, = E, F, and r := E, F.
If -p7 +q7 > 0, we say that SC Ef , is a horizontal spacelike
surface. Under this assumption, —p? + g7 + r* > 0 for L — +
00. Therefore, we can define the following functions:

l=1/-p?+q}, (53)
L =\/-p2+q +1, (54)

p=b (55)
0= (56)
Buy= ’l’— (57)
Gy = ‘{— (58)
nus (59)

which will be used to define a frame of S. We construct the fol-
lowing:

Np=-p By +q, B, +7  E;,
Ty=q,T) - p\Es (60)

o o I
Ty=7,p T, -7, 9,E, + l—E3>
L

where N is the unit spacelike normal vector to S, T', is the unit
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timelike vector, and T', is the unit spacelike vector. One can
check that {T}, T, } are a pseudo-orthonomal basis for tangent
space of S. We call S a Lorentzian surface in Eﬁl’ 2, For the case

thata : I — Eﬁl,)\z is a C?-smooth timelike curve and & = m
T, + nT,, we define the following:

J (&) =mT, +nT,. (61)

For the case that a : I — Eﬁ], ), isa C?-smooth spacelike
curve, we define the following:

Ji(&) =-mT, —nT),. (62)

That makes (&, J; (&)) =0 and (&, J,(&)) have the same
orientation with {T,, T, }. For every X, Y € TS, we define the
Levi-Civita connection with respect to the metric g, on S by

SELy _ v EL (L . .
VY =nVy>"Y, where r : T(E} , ) — TSis the projec-
tion. Furthermore,

VPt =—(Vita, T)) T, + (Vita, T,)

T, (63)

In particular, we get the following:

VP = {q {ﬁw - AVZEMGVIL (g )4 e%(t»w(v’c(t))]

, [}.1\/5
—P (

S (™ + g — e+ ddae ™) - L%(r)w(a(t))} }Tl

) S I O t_AfﬂmlA;ﬂL
1Py m%() —

(e (1) + e"“dz(f))w(d(f))}
a2
T P
iva

. {% (wla(t) - B0 (e (1) +e“saz<r>>a3<t>} }Tz-

(0% + Gy 0™ — &€ + & dye @) — Lo'g(t)w(d(t))}

(64)

Moreover, if w(&(t)) = 0, then

IPTPRR B N U R YRV
Vi a= {‘11{@“3(0} Pl|: 2
ST
— & e+ ayige )| ST+ -7 P m"‘a(t)
o IMV2
T 3
MV2

v {jt (wlatt) - B2 (e v )+ e"”écz(t))%(t)} }Tz,

P2 ERE
(@, + 5™

(0™ + dya5e™ — de™ + o'c@ge"‘-‘)}

(65)

Definition 8. Let o : I — S be a C2-smooth regular curve,
where S C Eﬁp 1, is a regular Lorentzian surface. We define the

geodesic curvature as follows.
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(1) If V3% & is spacelike vector, the geodesic curvature
Ki’é of « at «(¢) is defined by the following:

2
SEL |2 <VS’E’L(3¢ >
L Vs “HS,L S\ & S (66)
5= : . .
‘ &l (@ &)3;

(2) If V3#La is timelike vector, the geodesic curvature
Kg”é of « at «(t) is defined by the following:

2
SEL: -
vSEL 2 <V<’ A, oc>
Ki’é:: H rx. 4HS,L+ “. . SL. (67)
&l (& d)gp

Definition 9. Let a : I —> S be a C*-smooth regular curve,
where S c EﬁMz is a regular Lorentzian surface. We define

the intrinsic geodesic curvature KE‘S’O of « at a(t) to be

£

= lim xhg

b
L—+00 8

if the limit exists.

Proposition 10. Let a: 1 —S be a C>-smooth regular

curve, where S C Eﬁ’ A, is a regular Lorentzian surface.

(1) Ifox’E’Léc is a timelike vector, then

\/(A%/Z)(*e""sdz(f) + ey (1))’ + by (&(t))?
lo(a(n))]

(2) If fo’E’Lo’c is a spacelike vector, then

o Kes _ |(d/dt)(w(a(1)))| Jif w(a(t)) = 0,
VI A )a (0, + (M V2I2) (e (1) + ey (1)),
£ (w(@(0) #0.

Proof. On the one hand, by Equation (25), we get the following:

(~e % (1

+e%a,(t))E, + w(&(t))E;.

o= o ar + 1 )

On the other hand, since & € T'S, we denote the following:

a(t)=mT, +nT,=m(q,E, - p,E,)

+n (rl,LI_)lEl —T g B+ Z_E3>
L

L T (74)
= (mq, + nty p,)E, — (mp, + nry 1 q,)E,

The above equations yield the following:

_ o 1 .
mq, + nty p; = /\—/\2“3“)’
1

M2, .
—mp; —nry;q, = 17(_6 g (1) + €M ay(t)),

%rmzwwmy

By solving Equation (75), we get the following:

1 . _ A \/5 —a; - X3 D
m= (08 + =5 (e (1) + ehdy()pr,
17%2

n= ZTLLUZw(d(t)).

Therefore, & takes the following form:

if w(&(t)) %0,

(69)

(70)

(75)



+ Alﬁ(—e'%“ (1) +eBan(t ))Pll T

(77)
We denote the following:

CMAWE L ’
-p, 3 (6™ + dyze™ — dt e ™ + & dze” ™) — Lo () w((t))

3 2
‘ {p {ﬁ () - Y2 e%(t))w(a(t))}

M (e ®ay (1) + e"‘adz(f))w(d(f))}

A V32
—ﬂg{l!}%ﬁ+%%ﬁ—&¢%+@%EM—L@Mwwmﬁ

ll L1/2|: (w(&(t))) /;A\f( e % [)+e“30'62(t))d3(t):|} .

(78)

: SEL: oSEL -
Then, by Equation (64), we get (Vi &, V™), =C,
where

. F A 1_112( ey (1) + e“3c3£2(t))2 + (plé@(t))z}

. (w(éc(t)))sz as L — +o0o0.

(79)

In case w(&(t)) # 0, we obtain the following:

(& d)g, = {_ [/\11)&2 as(t)g, + /\1;/5 (—e®a () + e“3d2(t))pl}

zl (& (t))) } ~ L} (w(é(t)))* as L — +00.

(80)

By Equations (64) and (77), we obtain the following:
S,E\L - - _ 1 - = A \/_
<Va @, a>s’L—D~ m%(t)‘h*' 5

- {—ql WV oy 1)+ i) mm} w(@(n)L

(me (1) +€“3éfz(f))P1}

+%“““0D“WUDL~N@nL_ﬁ+m,

(81)
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where

1. A2 . P
m“s(t)%*' 12 (e 3"‘1([)*'63"‘2([))1’1}

o 7/\f\/§+A1A§\/§L
R ﬁ"‘a - 2

D=

(—e™a; + e"‘3o'c2)w(d):|

A
+P, [ \/—(otze Q0™ — e+ dge ) — L¢3c3(t)w(é¢(t)):| }

’\?\/EJFMA;\/_Z‘L
2

1 . N ey @ - .
+ ELI/Z‘U(“) : {_rl,Lpl [m a3 - (e b e %“2)“’(“)}

a2
— T B
V2

e [jt (@&B) = 53 p CaO + ea3‘3‘2(t))‘5‘3(t)} }

(0™ + dyize™ — de”™ + &y dze ™) — Lo (t)w(& (t))}

(82)

and N, does not depend on L. By Equation (64), we have
the following:

00— L
Kis L*l>n+100 Kis

O3 e 0+ eminlt)? (65 (0)°
(e

if w(é(t)) # 0.

(83)

0, we have the

If w(a(t)) =

following:

1
SELg ySELg, ot
<V © Vi >S,L {fh {)»1/\2 %

0 and (d/dt)(w(&(t))) =

2
(t)} +[)1E} as L — +o0o,

(84)
where = [(A,V2/12) (6,6 + dydze® — dye™™ + &y dge)],
and

1 A2 2
(0 a)g, =~ {W & ()q, + 12 (—e B (1) + euadz(t))l_h} ,
142
(85)
SEL: - _ | _ Al\/z s @ _
(veHia) = {m%(r)ql + B (e (1) + e (1),
1 MV2
: [‘hm‘xs(t) th 5
- (Gye™ + &yhze™ — dye ™ + d1d3e“3)] =—AA,.

(86)
By Equations (79)-(86) and Equation (65), we get the

following:

A2 A2A2
A6

ks = (87)
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When w(&(t))=0, and (d/dt)(w(&(t)))#0, we have
the following:

d 2
SEL: oSEL - rla .
<Va @,V oc>s’L L [dt (w((x(t)))] as L — +00,

. 1. AMV2
<“’“>5,L:_[m“3(t)‘11+ 12

(e Ry (1) + eajé‘z(t))f’l} >

VS.’E’L','> - 0(1).
(viftaa) =o()

(88)
It follows that
i e _ |(drdt) (w(@(1))| )
VE Tamh)is (0@, + (WV212) (- (1) + e (1)p
(89)

if w(a(t))=0, and (d/dt)(w(&(t)))#0. This completes
the proof. O

Example 11. We assume that there exists a C*-smooth func-
tion F=y: Ej , — R such that

S= {(ul,uz, us) EE‘I{“)LZ :y=0}. (90)
Then, F, aul +F, au2 +F, au3 = ay #0. Let
0
El :Alhza—%,
E, = ! (—e“3 9 +es 9 ) 91
: MV2 ou, ou, )’ (o1)

E,=- ! (6“3 9 +e™ a)
} L2 ou, ou, )’

So, we have the following:

0
py=EF= Al)‘za—us()’) =0,

1 d d
=E,F= - — +e ' —
4 =E, wz(e et ) )

11

2, 2 —u3)? L
Therefore, —p? + g> = ((1/A;1/2)e™)” > 0,50 S C Ej 5, is
a horizontal spacelike surface. By Equation (53), we have the
following:

1
l:: _p2 + q2 — e—u3)
1 1 Al\/i

L=y/-pr+qt+r? e 1+—1
L=\ Pttt = 77 )
\/i AT AL

(93)

g - q _ /A
Yoh s e

r —-L7'2(1/1,)

L \/ (/A7) + (1/A3L) '

By Equation (60), we have the following:

WA

_Lfl/Zl/A -
E, - 2_E,

V (123) + (UA3L)

1/A,

V (123) + (UA2L)

T, =E,

N, =

L7Y21/7,

\ (123) + (11231

r,- /A B
V(123) + (123L)

E, +

(94)

{T,, T,} = {E,(L"21/),/1/ (1/A?) + (1/A5L))E,
+(1/A/4/ (1/A3) + (1/A3L))E;}. Thus, it is concluded that

$ is a Lorentzian surface in Ef , .

Then,

Let
a:[0,21] — S,0 — (cos 0,0,sin 0),A, =1, =1 (95)
be the circle centered at the origin on y =0. By
, MV2 o
©(&(0)) ===, (&, (0) + e (0)) (%)

and «,(0) =cos 6, a,(0) =0, a;(6) =sin 6, we have the
following:

sin 6. (97)

w(if8)) = Lo
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By Equation (64), we have the following:

1+L
Vz’E’Léc =— (sin - — 20 gin 6) T,
2
l -
+

(98)
1 —sin 0
\/m(L—l)<§ cos e )]Tz.

Then,

2
<VSEL VSEL > (smG— 1;Le—231n9 sin 0)
V2 1 wo\|
+ l (L=1)( = cos @e*" .
VL+1 (2
(99)

If cos 0=0, then sin @ =+1. In this case, w(&(0)) #0.
Then, we have V3*'& is a timelike vector. By Proposition

10 and Equation (69) we have at the point 6 which satisfies
cos 0 =0:

o V) e 1)+ 1))+ (1)
s EED)

o5

(100)

When we assume that « : [0,27] — S, 0 — (cos 6, 0,
sin0),A, =1,A, =2 be a circle centered at the origin on y
=0. We get the following:

(101)
By Equation (64), we have the following:

1
viPla = (— ~sin 0+ (1+4L)e” "™ ¥ sin e) T,

[\

cos 0" (1 + 4L) (102)

V2
2VAL 11

~ cos 0 sin Be™" ¢(2 + 6L)> T,.
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So,

1 < 2
<VSEL VSEL > (_5 sin 0+ (1 + 4L)e’2 sin 6 sin29)

V2 .
+ | — L2 cos e 01 +4L
< 2v/4L + 1 ( )

2

—cos 0 sin 0™ (2 + 6L)> )

(103)

If cos 6=0, then sin @ =+1. In this case, w(&(0)) + 0.
Then, we have V3" is a timelike vector. By Proposition

10 and Equation (69), we have at the point 6 which satisfies
cos 0=0.

NNL12) 22 (e, (£) + ey (6 + By (83 (1))
oV N
(@) ?

(104)

Definition 12. Let a : I — S be a C*-smooth regular curve,
where S C E/L\l)lz is a regular Lorentzian surface. The signed

geodesic curvature xy'¢* of a at a(t) is defined as follows:

e TR (105)
o = L, 105
[T

where J; is defined by Equations (61) and (62).

Definition 13. Let a : [ — S be a C*-smooth regular curve,
where S C Eﬁ]’/\z is a regular Lorentzian surface. We define
the intrinsic geodesic curvature Ki"sx”s of « at the noncharac-
teristic point a(t) to be

= lim L (106)

L—+00
if the limit exists.

Proposition 14. Let a:1— S be a C>-smooth regular
curve, where S C Eﬁ’,/\z is a regular Lorentzian surface.

(1) If a : I —> S be a spacelike C*-smooth curve, then w
(&(t)) # 0 and
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8, (MA3V212) (e (1) + (1) + B (1)

jw(@(t))]

(107)

(2) If «:1—S be a timelike C*-smooth curve, then

w(&(t)) =

0 and

K5 =0, 4 ((a(0) =0,

L R (d/d)(@(i()

if (d1dt)(w(&(t))) #0.

Proof. By Equations (61), (62), and (77), we get the following:

. 1. ANV2
]L(“):{E%UMN 12

(me e (1) + 6“%(0)}71} Ju(Ty)

—

L

- pRa(a()],(Ty) = EL ()T,

g

: [Afhaml e V2 e +e“3az<t>>pl} T,
(109)

By Equation (64) and the above equation, we have the
following:

(VS5 1,(8)) = 1 aa(r)

. BV2+ M A2L
: {“11 {M‘xs(t) I

(e () + easdz(’))w(d(f))}
o
-

(Gye™ + dyaze™ — & e + & dze™)

- Lds(f)«'(éf(f))} }

I V)
+[m“3(t)q1+ 2

(me ™ (1) + e“’dz(t))ﬁl}

. AV2+A,A2V2L
— () - %

(e () + e"“‘dz(f))w(d(f))}

= Al\/z P ¢ Yo P2 Yo o
-7, 5 (0ye™ + dyize™ — o e + & dze™™)
d A2V/2
L _LI/Z . M
i ()oi(0)] + - { @) - 3

3+ (MV212) (e iy (1) + ()|
(108)

13
(e () +ea3‘3‘2(t))‘3‘3(t)} }
- {ql AWV (o 1)+ i) +p1fx3<r>}
(@(@(t)))*L¥? as L — +oo0. (110)

So, we get the following:

(Bl _ <VSEL0‘ Ji(& )>

S,.L
S
[

L[ (WABV2I2) (e i (1) + iy (1)) + ris ()] (i)
PP la(a(0)f |

(111)
Furthermore,
— 2 P a — .
- i ngé,Sz_ql(mzﬁ/zy ey (1) + iy (1)) + Py (1)

CION
(112)

When w(é(t))

=0, and (d/dt)(w(&(t)))
following:

=0, we get the

1\/—

(Vi1 (@) - {Aa i (1)

—7..a 1\/5" D+ A, 0. e™
SR 5 (@™ + dyaze

(me™™ay () + ™y (1))p,

- e+ écléc}e%)}
V2

- { g (¢ a0 e“n‘e(t))o‘cg(t)} }

~N, L asL — +o0,

(113)

where N, does not depend on L. So, k,5>*=0. When w
(&(t)) =0, and (d/dt)(w(&(t))) #0, we have the following:

<VSEL“ Ju(a )>L,S: [ﬁ%(tﬁh + )le\/i(_eiu‘é‘l(t) +e"“o’¢2(t))1§1:|

B D
—7114, 3 (Gpe™ + ayse™ — dje™™ + & dze”™)

Lopld ; 7A§\/E L% @ ;

# gL G @ (0) = FE T (e (1) + )i (1)

1 oAV2Z @i (5. | 2
Ll/z[ﬁ%()q i 12 (—e @, (t) + ¢ Jaz(t))P1:|E

- (w(&(t))) as L — +oo.

(114)
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We get the following:
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+ (MV212) (e 6 (1) + 5 ()P | (A1) (w(é(1))) L2

Kg:go’s = lim ﬁ BT [(1//‘1/\2)&3( )
L—+00 \/_ L—+00 ‘(I/AlAZ)é%( )
(dldt)(w(&(t)))

+ (V22 (i (1) + esin (0)p ] VE

(115)

(1/A145)a5(1)q,

O

Example 15. We take F=y : Eﬁw\z —> R and a(6) = (cos 0,
0,sin 0), A; =A, =1 as in Example 11. Then,

2
w(&(6)) = g 516 sin 6. (116)
By Equation (77), we have the following:
. 1. ANV2, . NN
o= m%(t)‘h + IT(_e 2oy () + e ay(t))py | T
b, \/_
+ 7L w(a(t))T,=cos 0T, + VL +1 9 sin OT,.
(117)
Then,
L+1
(&, &) = —cos®6 + %e‘z sin 0 5in%g. (118)

So, we have when sin 8 # 0, then |&|* > 0 for the large L
and we have & is a spacelike vector. If sin 6 # 0, by Proposition
14 (1), we have the following:

8, (MAIV212) (e a (1) + ey (1)) + B (1

(x,oo,s —_ _ =-1.
. |w(a(t))]
(119)
When we take A, = 1, A, =2, we have the following:
w(&(6)) = —v2e" ¥ sin 6. (120)
By Equation (77), we have the following:
a= % cos 0T, - we’mesin 0T,. (121)
Then,
1 4L +1 ;
(d,&) =~ cos?0 + 2+ ¢ 2500 sin2g, (122)

(/\ \f/z)( ey () + e%6y (1))P,

3

So, we have when sin 0 # 0, then |c'x|2 >0 for the large L
and we have & is a spacelike vector. If sin 6 # 0, by Proposition
14 (1), we have the following:

8y (MA3V212) (e (1) + €%y (1)) + B (1)
(@)

Kas " ==

(123)

4. Curvatures for Lorentzian Surfaces in
Lorentzian Approximations Eﬁl A

In this section, we will compute the intrinsic Gaussian cur-
vature of Lorentzian surfaces in Eﬁl A We define the second

fundamental form II™" of the embedding of S into Ej , by
the following:

(BT, (T

ek = . (124)

(s, (T,

We have the following theorem.

Theorem 16. The second fundamental form IT®" of the
embedding of S into E% 1,1, is given by the following:

IIE’L _ (hll h12>
h21 h22

(125)

where
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I o
hy = Z_(E (P1) —Ex(a;)) _/\ierlchL 2,

! _ VL
hy =hy, = TL<T1’ VH(’z,L)>L + 7)‘5
2 P2A .,
- ﬁ (QiL +P§,L) - ;71% (‘hz +P12)’

by (193 (7)), # Bty - sl
2 1/ ’ VL

rLﬁlé] AZ'

\/Z 1

(126)

Proof. Since

(T\,N;);=0,(T,,N;); =0, we have the
following:

<v§’fNL, T1>L = —<vf;*fT1, NL>L, <v’;"jNL, T2>

. L (127)
—<vT’ TZ,NL> .
2 L

Using the definition of the connection, identities in
Equation (11), and grouping terms, we have the following;

EL EL
V T v‘hEl‘PlEz P1E2
=4, ( 19,E1 - E\p, E, _plvglLEz)
P (EZQ1E1 —E;p\Ey + %VE;LEl)
=(9,E:9, - p, 2‘11)

(128)
(511E1131

Since p,* — q,> = -1, we have p,E;p,

-q,Eq,=0,i=1,2,
3. Furthermore, we obtain the following:

hy, = _<V%LT1>NL>L
I ¥ 1 &
== |:P1,L(CI1E1Q1 —P1E24,) = 4,1 (9,E Py — P1Expy) + T %}

) _ o
=l_( 1(py) - Ez(%))_/\frl,LPl‘hL :

(129)

To compute h,, and h,,, using the properties of connection,
we compute the following:

15
- T
704 By + l_L E;
L
- = =z S ~ — Bl
=q (E1("1,LP1)E1 —E\(r,.4,)E, - 71,4, VE E,

vr2g (D)o ety )
I I

-D (Ez (F1P1)Ey + ?1,LI_71V§;LE1 —E) (1.4,
+L2E, ! Ey+ l -12yELg )
lL lL E, 73

o I M+ AL
:(‘11E1(’1,LP1)—P1 (rlLP1)+P1*L 2 - )El

ELr _ oEL -
Vi Ty = V3 p g, 1P Er

2

B r i VaBE (s o es Lpp AL
+ <_‘11E1(r1,Lq1)+P1E2(”1,qu)+‘111L 1271 . 2 >E2
L
[—?1EzL’”2 (i) +g,E, L7 (i)
I I
T AZ
+T( A2+_(p1 +q, ))]

(130)

Next, we compute the inner product of this with Nj.
Using the product rule and the identity g,;p, =p,;g,, we
obtain the following:

<V%LT2» NL>L =p11q (P ErTiL + T Eipy)
= P10 (PLEaty + 71 Eopy)
— 19 (4 E T+ T Eg))
+ 4,101 (9, Eo1yp + 711 Erqy)

VL

2/ =2 -2 2
- T/\2 (_pl,L Tt 7'1,L)

o ) I
-7 0 Es (IL) +7.q,E >

2
(1312 +4q )

(131)

I

72 )2

+ Mo 2y A
—2\/f (pl,L ‘h,L) 5 —\/—

The identities

Pip+qi+7’=1 and —p’+q,>=1
yield the following:

_ l
<E1’ Vur L> + rl,L<E1’ Vu <E> >
L

VL Ao,
- —’1% + ﬁ (P%,L + ‘I%,L)

(35T, =

.

v %L\_fl (72 +3,2).
(132)
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Finally, by using the identity (I/l; —[;/l)Vyr ;=7 ;Vy
(1/1,), we obtain the following:

I \/_

<V%LT2)NL>L =7 <T1’VH(’1L)> ’\2
f -2 2 r% 2
+ ﬁ (pl,L + qLL) 77 (Pl +q; )
(133)
Therefore,
hy =hy = _<V%LT2’NL>L
I _
= 7L<T1’VH 71L)>L
(134)

+7 2 2\/1—(‘11L+P1L)
_rlLAZ

2VL

VL, 5

(1 +P1)-

Since (V?’ZLNL, Ty), =
tation as above, we get the following:

_<V]%2L T5,Ny),» by similar compu-

| ~
VT, = VP ~71.9,E, + —E
rlLPlEl_rqu1E2+(1/’L) lel I'qu 2 lL 3
=711P (El(rl,Lpl)El —E (1,.4,)E, - 7’1,L511V§;LEz
1 I
+L2E, (— \E, + L7 _vgm)
I U

—Ey(71191)E, + 71,L131V§'2LE1
l I

I
+L7VE, (B, + L2 _VELE) + 1712
ZL lI_ ? lL

: (E3(?1,Lﬁ1)E1 +?1,LZ’1V§;LE1 —E5(r104,)E;

1
- ?1,L711V5;LE2 +L7'"E, (f) E3>
L

- 7’1,LEI1 (Ez (F1,1ﬁ1)E1

. ol
= (”1,LP1E1f1,LP1 — T g Bty py + L 1/21—193(’1,1_171)
L
()L2+/\2 ))
s s o o oo o
T By + 7 g0 Erry g - L I—E3(’1,L‘I1)
L

ol I I
+7p L 1/27( -ML )) (rl,LplL l/zEll

“\N

+ ﬂ,L%L

- S ! gl ! 2z A%
-7 EL E2E+L lLEa I T E;.

(135)
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Taking the inner product with N; yields the following:

<V?fT2,NL>L :ﬁl,L(?l,LplEl?l,Lpl - ?I,LZJIEZ?I,LZ)I
TN A |
+L 1/21_E3(71,LP1) +7q, L 1/21_()‘%""\%[4))
L L
_ o p
+4i ("’1,LP1E1”1,LQ1 +79, By 1q - L 1/21_53(”1,LQ1)
L
IR
+7,pL I/ZE (—AiL))
(e 1
+7 | Tepi Ey - rl,quEZEZT
L L
1 1 A2
+LV2_E < >+?2 p,q —1>
I I LLP14 Vi
(136)

Under some simplifications, one can get the following:

£ (1)),

TP 22— P 2.
N/

hy, = _<V]73";LT2> NL>L =
(137)

+ Esﬁu) -

O
The Riemannian mean curvature %' ; of S is defined by

the following:

I _ _ o
K, = ”(HE'L) = E (Ei(Py) — Ex(qy)) - A%rl,LPﬁhL 1”2

P r = TLiPiidag 42 ??LP q
T, . B (7 ) - utPuidir 2 Tiibid 2
+ li< 2 VH<I> >L +E5(71) VL M VL A

(138)

Proposition 17. Away from characteristic point, the horizon-
tal mean curvature # ., of S € Eﬁp A, is given by the following:
X

0 :thnoo%E,L:El@l) - E;(q;)- (139)

Proof. By

lZ b _ aq _ _
12 <T2sVH(l) >L = gEl("LL) + qurEz(Tl,L) = O(L 1)’

(B (5) = Ea@) — Eu(p) ~Ex(@)

-1/2 0,

E, (F11) — 0, A7 114, L
TP 2o 11014, 32
vi UL

(140)

we get Equation (139). O
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Recalling the definition of curvature tensor for a connec-
tion V is defined by the following:

R(X,Y)Z=VVyZ = VyVyZ =V y 2. (141)

By Proposition 1 and Equation (141), we have the fol-
lowing lemma.

L . .
Lemma 18. The curvature tensor of E) , is given by the
following:

4 242 4
—A7 + 2A7A5L + 30517
4L

—AT+ 209021 + 3A3L2 v
4L r

RE’L(EP E))E, = E, RE’L(EI’ E,)E,

307+ 28050 - M52

RP!(E,, E;)E; = 0, R°!(E,, E3)E, = 4L =
3M 4+ 202021 - AA12

RPH(E,, E5)E, = 0, RP(E ), E5)E; = 4 Fr
A+ 22020 + M52

RPH(E,, E3)E; = 0, RP(E,, E;)E, = 4L b
M+ 202020 + A%L2
REL(E,, E)E, = -1 1 42 2 g, (142)
Let
HEEL(T, T,) :_<R5,E,L(T1,T2)T1,T2> )
SL (143)

%E’L(T1’ T,)= —<RE’L(T1’ )T, T2>L-

By the Gauss equation, we have the following:
HOPH(T), Ty) = HOH (T, Ty) + det (IT°F). (144)

Proposition 19. Away from characteristic points, we have the
following:

*%E’L(Tl’ Tz) =

Proof. We compute the following:

REH(T,, T,)T,

_1_71E2’ ?1,L1_71E1 - ?I,L%Ez

=RP* (%El

! _ _
+ ZL—\/ZE3> (9,E, — P, E,)

= ?1,LP12112RE’L(E1’ E\)E, - ?1,LQ13RE’L(E1’ E))E,

RP(E,, B\ E,

12, er = 2
+ R™™(E,E;)E; =7, P
VL (E\» E3)E, =71 1P, 9,

I

14y g1
——=R""(E,, E;)E
PR B B B

RE’L(EP E\)E, +7,1p,q,
RM (Ey, E5)E, + 71,Lf’13

+7,,0,d," R (B, E,)E, -
- 71,Lp12‘_11
_Ipiq

L,VL

-2
TP 9

RE’L(EZ’ E\)E,

Ip,*
RE’L(EP E,)E, + ; \I/ERE’L(Ez’ E;)E,
L

= _7’1,LQ13RE’L(E1)Ez)El +q,’° RE)L(EPE3)E1

I
L,VL
RPY(E,, E))E, + 71,Lé12ﬁ1
)

LRE’L(EP E;)E,

=2
TP

+ ?1,Lﬁ13RE’L(E2> E,)E, +ﬁ12 ;

L
AT+ 2800 + 30512 E
4L !
AT+ 2020 + 30512
—71q, 4L E,

I < L3 22020 - L2

=710

z VL 4L
L5 2 M 2NL 4 AL ) E,

1 4L

RE’L(EP E))E,

R™(E,, E,)E,

17

(146)

~(RPN(T}, T,) Ty, Ty),
L (A /\4 3)L4 I\’
Tl T 2 |~ _L‘h
A%)LZ /\4 3A4
2
(A . A_‘* LML ALY /\4
2 4L 4 lL 4

-,

(147)
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By Theorem 16 and V (7, ;) = L2V (E;F/|VF|) + O
(L™') as L — +00, we get the following:

ML E,F

2T,V =

4 \VuF|) /1
A

= (@,°+p,*) +O(L?) as L — oo.

det (I1°F) = by by, — b, = -

(148)

By Equations (144), (147), and (148), we get the desired
equation. O

5. The First Gauss-Bonnet Theorem in Ej

In this section, we will prove Gauss-Bonnet theorem in E/L\ A

. We consider a spacelike curve o : I — EL S and deﬁne
the Riemannian length measure by ds;; = =&l Ldt

Lemma 20. Let o : [ — Eﬁplz be a spacelike C?-smooth. Let
ds; = [(a(t) |t

sl 1 L
e Zw(am){[mz

aj(t)} + |:11;/§(—e"‘»‘écl(t)+e"‘~‘(x2(t))} }dt.

(149)
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Then,
b
Llinoo \/—_J dsp; = LdsE. (150)
When w(&(t)) # 0, we have the following:
1
dsg; =dsp+dsgL™" + O(L?) asL — +0c0.  (151)

NG
When w(&(t)) =

idsE)L = i\j {% ()g(t)} ’ + |:A12\/§ (—ewd(t) + e“s(xz(t))} dt.

(152)

0, we have the following:

|v‘c<r>|L=J ] + Flf(—ew) +easa2<r)>} * L(@(@(n)?
(153)

we get the following:

o o & ]2

V2 (—emat, (1) + ea3d2<t)):| } +w(&(t))2d.

(155)

Using the Taylor expansion, we can prove the following:

1
\/—stE,L =dsp+dsgL”' +O(L?)asL — +0c0.  (156)
From the definition of ds;; and w(&(t)) =0, we get the

following:

2

é@(t)} + Flz\/z(—e%dl(t)+e“3d2(t)) dt.

1 1 1
VAR EJ L—Az
(157)

O

b

b
\w(éc(t))|dt:J dsy.

a

(e (1 +easaz<t>>} +Liw(a(n) = |

(154)

Proposition 21. Let S C E/Llp/lz be a Euclidean C*-smooth sur-
face and S={F =0} and dogy; denote the surface measure

on S with respect to the Lorentzian metric g,. Let

dogp=—(p;w, — q;w;)\w, dOgp
E,F E,F)’ _ B (158)
= —3Ta)1/\w2 + G (Pyw; = 4@ )Nw.
Then,
1

dogy; =dogy+dagpL™" + O(L7) asL — +co.

NG
(159)
If S=f(D) with f=f(x;x,)=(f1,ff5): DCR—

E ), then

Lh—r>n007J dogp; = JDA(xl,xZ, ApAy)dx,dx,,  (160)
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where A(x}, x5, Aps Ap) = {[(fz)x, (fz);;ﬂz"z - (fz)x, (fl)szI
LI =I5 1), = (Fa)e, (F1) V212 DA, + [(F3),
(F2)s, = o)y (F2) IV202e 10,1} 12,

Proof. Let g;(E,,) = ~wy, g, (E,, ") = @,, g; (E3, ) = Lw. We
define T\ =g,(T,,-), T," = g,(T,,-); then,
T\ =q,0, = pyw,,
_ = = = I 1p (161)
T, =7p,w, —7q,w, + l—L w.
L
Therefore,

! do ! TAT, L q A A
— = =—— w—ww——ww
NG SEL NG 1M I (p1w, — qyw;) \/— 2

(162)
Recalling
E.F L1/2
= (EsF) (163)
VeI
and the Taylor expansion
L i(E FPL™" +O(L?)asL —> +0o,  (164)
L, 1 2" ’

we get Equation (159). By Equation (8), we have the
following:

fr = (1,0, + (f2)y, 0, + (f3),, 00,

=apE; +apE, + “13E3’

fr, = (F1), 0, + (f2)y, 0, + (f3),, 04,

=ayE, +aynkE, + “23E3’

(165)

where  a;, = (fa) VA ay = ((f1)x1 (=V2/2¢7 ) +
(fz)xl V2/2¢1,y), a21 (f3)x2(1/A A, ays= \/Z((fl)xl (-
V2120 05) + (fo),, (-V2/2e50,)). ay =((f)),,(-V22
etA) + (fz)x2 V212e42;)  and  ay = VI( (f1)x2(_\/§/2
es,) + (fz)xz(—\/f/Ze“S/\z)). Let

19

)
mkum)7¢31@+“mkuml
(ARTAR TR (FANIAN
umﬁmJ§W%€;

(166)

We know that dogy; =
ij)’ and

det (g;;)dx,dx,, g;;= g, (f .,

det (gl]) - HNLHL :_<NL’NL

) =L((F), ()
- (o) (M) - lO@JJ

) e+ ()0
—U%ﬂm)f%ir—“mum%
SARISR R RS (FANIAN
uaﬁmjgﬁ%r

(167)

so by the dominated convergence theorem, we get the
following:

lim LLJ dogp; =J A(xy, %5, A, A dxydx,. (168)
S D

L—00

O

Similar to the proof of Theorem 4.3 in [3], we get a
Gauss-Bonnet theorem in EﬁMz as follows:

Theorem 22. Let SC Eﬁ,,,\z be a regular Lorentzian surface
with finitely many boundary components (0S),,i € {1,---,n},
given by C?-smooth regular and closed spacelike curve «; : [0,
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21] — (0S),. Let HSE be intrinsic Gaussian curvature of S
in Proposition 19 and Ki?s the intrinsic signed geodesic curva-
ture of a; relative to S in Proposition 14. Suppose that the char-
acteristic set C(S) satisfies ' (C(S)) = 0 and that |V, F||;] is
locally summable with respect to the 2-dimensional Hausdor(f
measure near the characteristic set C(S). Then,

n
J HES g, + ZJ E9ds, =0, (169)
S a;

i=1

Proof. Using the discussions in [1, 2], we may assume that all
points satisty the following:

d
w(&;(t)) =0and E(w(di(t))) #0. (170)
Then, by Lemma 20, we obtain the following:
Kes =1+ O(LT). (171)

By the Gauss-Bonnet theorem, we have the following:

1 " 1 (9)
HOEL __do,, + J ioos s, =2on X2
JS \/z S,E,L ; o ;S \/z E,L \/z

(172)

So, by Equations (171), (172), (145), (159), and (160) and
Lemma 20, we get the following:

n B S)
Adog . + J Koy, | +O(L72 =2n&,
(j et 2| ) (117 =2n X2

_ (173)

where A = —(T,, Vi (EsF/|V4F|)), = A3(E;F)*/I. Let L go to
the infinity, and by using the dominated convergence theo-
rem, we get the desired result. O

6. Curvatures for Spacelike Surfaces and the
Second Gauss-Bonnet Theorem

The geodesic curvature of spacelike curves on spacelike sur-
face and intrinsic Gaussian curvature of spacelike surfaces in
Eﬁl 5, will be investigated in this section. For a regular sur-

face Sc Eﬁp)\z and regular curves « C S, suppose that there
is a C?-smooth function F : Eﬁw‘z — R such that
_ L . —

S= {(ul,uz,u3) €E) ) ¢ F(ul,uz,uS)—O}. (174)
Similar to Section 4, we give p,, q,, 71, L, 11, P1> @y> Prps G 1

7 N..T..T KE’L 00 KE’L’S KE)oo,s id h
ST N Ty Ty, T K5 Kyss Ky 's™> Kys - We consider  the
case that S is a spacelike surface in E} , . In particular, let p,

172

=E,F, q, = E,F, and r, == E,F. Let p> — ¢ >0, when L —
+00, we have p? — g2 — 2 > 0. We then define the following:

Advances in Mathematical Physics

I=y/pi-ai,
L=1\/pi—qi -1
- _P
b= Tl’
_ q
q1 ::Tl’
o (175)
b= 1
L
- q
‘h,L::TLl’
_ r
L= i’
l:=1/pi - qi.

In particular, p7 — ¢ = 1. These functions are well defined
at every noncharacteristic point. Let

Np=-p B +q,,E, +7 E;, (176)
T, = ZhEl _[71E2> (177)
o o I ~
Ty =7y pEy =719, E, - Z_E3’ (178)
L

then N, is the unit timelike normal vector to Sand T';, T, is the
unit spacelike vector. {T, T, } are the orthonormal basis of S.
We call S a spacelike surface in the Lorentzian group of rigid
motions of the Minkowski plane. We define a linear transfor-
mationon TSby J; : TS — TS,

Ji(Ty) =T, (179)
Jo(Ty)=-T,.

For every X,Y € TS, we define Vy*'Y = zVEV, where
m: TG— TS is the projection. Then, VSEL is the Levi-
Civita connection on S with respect to the metric g;. In
particular,

VPt = (Ve T)), T, + (Vita, T,)  T,. (180)

A simple computation shows that
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el ) o | 1 . AV2Z+AV2L
Y “{ %{M“M -2

(e () + e““dz(f))w(d(f))}
[
-h

Q- —
(6™ + dy 0™ — d e + &y dze™™)

—Lds(f)w(d(f))} }T1

I I V2 + 4,321
+ {_rl,Lpl I:“‘XS([> - %
17*2

(e (1) + e“’dz(f))w(d(f))}

AV2
714, |: lf(&z T Gpdpe™ —de™ + ddze” ™) — Las(Hw )):|

ll L1/2[ (w(é(t))) - 2/\\/1:( easdl(t)+e"‘3d2(t))d3(t):|}Tz.

(181)

Moreover, if w(&(t)) =0, then

Voblta= { —q; {,\ A ay(t )} - I:A ;/—("‘ze Pt dyase

v ocw e —a I S o

—ae Tt aase 3)}}Tl“'{_’"l,lpl |:T/12‘X3(t):|_rl,l‘ql
1

|:/\ i

a4 o
(6™ + dyze™ — i ™™ + & dze 3)}

I pld, . MV MU
_EL/ {E(w(a(t)))— L (e al(t)+e>az(t))%(t)”Tz~

(182)

Definition 23. Let S CEﬁw\z be a regular spacelike surface,

a:1— S be a regular C*-smooth spacelike curve. The
geodesic curvature k¢ s of a at a(t) is defined as follows:

2 SEL - - 2
I

= 183)
.S 4 .16 (
¢ ||“||5,L ||“||3,L

Definition 24. Let ScC E} 1,1, be a regular spacelike surface

and a«:1—S be a regular C?-smooth spacelike curve.
The intrinsic geodesic curvature xye™ of a at a(t) is
defined to be

e lim ath

L—+00

(184)

if the limit exists.
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Proposition 25. Let S C EX A, be a regular spacelike surface
and o : I — S be a regular C2 smooth spacelike curve. Then,

V (RA2) a2 (e, (1) + iy (1)) + By (65 (1))°

E,00,5 _ ) )

i PEO)] g zo
(185)
Ko s =0, if w(a(t)) = (186)
4 (i) =0 (187)

dt

&L i
i (s (1)) Fatao)
[0, + (AV212) (e () + essi(0)p, ]

=0, %(w(a(t))) #0.

(188)

Proof. By Equation (25) and & € TS, we get the following:

O MV2 . N
+ 12 (—e™ %oy () +eBay(t)p, | T

(189)

By Equation (181), we have the following:

(V8546w
S,.L

) [@‘7112(—5“‘@1(0 + e (1)) + by (d (1)) | L (@(&(1)))* as L — +oo.
(190)

Similarly, we have that when w(a(t)) #0,
(& @), ~ Llw(é(t))]* as L — +0o0. (191)

By Equations (181) and (189), we have the following:

<v§;E’La, a> ~M,LasL —> +00, (192)
S,L

where M, does not depend on L. By Equation (183), we have
the following:

KE’S = lim & ,s

RR2)a2 (e (1) + e (1) + by (@ (1))
) (@]

if w(é(t)) # 0.

(193)
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When w(a(t)) =
following:

0, and (d/dt)(w(&(t))) =

0, we have the

SEL. osEL:\ [ - | 1 .
<Va @,V (x>s) {ql{kﬂ\z%m}
[/\f

-p 5

2
(0™ + dydze™ — de”™ + &y dze 3):| } as L — +00,

(194)

.. 1. A2
(& d)g, = [m%(t)‘h"’ 12

(me™ e (1) + eaadZ(t))p1:| ,

(195)

S
: [%M%(f) +p——
-+ dléc3e“3)} =B,B,.
(196)

By Equations (194)-(196) and Equation (182), we get the
following:

B BB’
Ks = B 113? =0. (197)

When w(&(t)) =
following:

0 and d/dt(w(&(t))) #0, we have the

d 2
SEL: oSEL: - :
<Va @,V a>S‘L L{—dt (w(a(t)))} asL — +o00,

. 1 . A2
(& d)g, = |:m“3(t)‘h+ 12

(me®ay (1) + eaadZ(t))pl:| ,

(45) o

|(d/dt)(w((t)))] .

(/\ \/_/2)( O (t )+ea;é¢2(t))ﬁl]
(198)

L [amd)awa,

L—»+oo

it w(a(t))=0, and (d/dt)(w(&(t)))+#0, so we get
Equation (188). O
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Proposition 26. Let S C Eﬁph be a regular spacelike surface.
Let o : I — S be a spacelike C*>-smooth regular curve. Then,

6, (MA3V212) (me i (1) + e (1)) + By (1)

- (@ (0)] o) #0
RS = 0,if w(a(1)) = 0,
d .
(@) =0
s (drdt) (@(é(1))) ,
VL i (1), + (M V2I2) (et (1) + ey (1),
(199)
if w(a(t)) =0, and d/dt(w(a(t))) # 0.

Proof. By Equations (176) and (188), we get the following:

@)= L), - [ﬁ%(%

e 22 i 1)+ i ()5, | T

(200)

By Equation (180) and the above equation, we have the
following:

<VSEL(X ]L( )> ~ |f_11 AlAZﬂ(_e_%d](t) +€a3(.x2(t))

SL 2
+[71éc3(t)1 (w(&(t)))*L** as L —> +oo.
(201)

So, we get the following:

LL,s

S,L
Kas

H"‘HSL
PP (MAVER) (e i (1) + () + i ()] (@)
L2 w(i(t)f '

<VSEL‘X Ty (& )>

(202)
Furthermore,
M= tim
@ (M) (e i (1) + e (1) + Byi(1)
w @) |
(203)
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When w(a&(t)) =
following:

0, and (d/dt)(w(&(t))) =0, we get the

<VSEL(x, I, (@ )> ~ M, L™ as L—>+00, (204)
S,L

where M, does not depend on L. So, xye>* =0. When w
(&(t)) =0, and (d/dt)(w(&(t))) # 0, we have the following:

<VSEL‘X’ Ju(& )>S,L

1 _
Ll/z I:A /\ ( )ql

e B2 g0+ iy (0)5, | 2 (@)

(205)

as L — +00. We get the following:

o i S (d1dt) (w(@(t))) B
S VE )0, + (W) (e (1) + e ()5,
(206)

U

In the following, we compute the intrinsic Gaussian
curvature of spacelike surfaces in Eﬁ“)tz. Similar to Theorem
4.3 in [16], we have the following:

Theorem 27. The second fundamental form II®L of the
embedding of S into Eﬁl,h is given by the following:

h11 h12
Pt = ( , (207)
h21 h22
where
| _ S
hy, = _E(El (P1) —Ex(q1)) - Af’z,LPﬂzL ",
! . Vi z 72,02
iz = b == (T V() + S50+ S (@) = 502 (047 +27)
12 ~ r r
b= (T2 (5)), +Estrin) + 71*”\’;%‘1“ P —1%‘11 2
(208)

Proof. Since (T|,N;); =0,(T,,N;); =0, we have the
following:

<v§{NL, T1>L = —<V§{T1, NL>L, <v’;‘»jNL, T2>

- L (209)
—<VT’ TZ,NL> .
2 L
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Using the definition of the connection, the identities in
Equation (11), and grouping terms, we have the following:

V%LTl = vsl)lél—ﬁlEz‘_hEl -DE;
=4q, <E1‘_J1E1 —-Ep,E, —plvﬁ’f}sz)
-P (Ez‘_hEl —E)p,Ey + (_JIVE’ZLEI)
= (4, 1‘11 P1 E,q,)E, - (4,E\py — P1E2P))Es

(210)

Since p,> — q,2 =1, we have p, E;p,
We have the following:

-3,Eq,=0,i=1,2,3.

hy, = —<V%LT1’NL>L = |?1,L(%E141 ~PiE24y)

(211)

o p,g M
—4,.(4,E P, by 1]

—pEpy) + 7 VI

) _ _ o
= _E(El( 1) —Ex (@) _/\frl,LPﬁhL 2,

Similarly, we have the following:

, > (212)

_ _ 72 A2
+ ﬁz(QT,L"_piL) ;\L/-l (P1 +4q )’

hy = ;j <T2> VH(Z) >L + E~3(7’1)L)

T1P1i9L 42 7%Lﬁ1é1 2
L AL
N/

O

Similar to Proposition 17, we get the expression of the
horizontal mean curvature of the spacelike surface.

Proposition 28. Away from characteristic point, the horizon-
tal mean curvature # y; ., of S C Eﬁ’,/\z is given by the following:
%E,oo =

—E;(p;) + E5(q,)- (213)



24

Proposition 29. Away from characteristic points, we have the
following:

E.F (E;F)?

A =-<T,v (—3 )> B P
( 1 2) 1 H |VHF| . 2

(214)

Proof. By Equation (141) and Lemma 18, we have the
following:

HPHT,, Ty) = ‘<RE’L(T1) T,)T,,T >

5 /lz)tz /\4 3/\4 I \?
= —— z |~ _L‘h
( _)r‘ 3A4>
4 A4
-1 ~—(_ L
7 (zL) ;

A
>.»
.J;

C3A(E _
e 12) /\12/\22‘112
242

- % as L — oo.

(215)

Similar to Equation (148), we obtain the following:

ML E,F
A (me(em)
4 \VyF|)/,

(L_l/z) asL — 0o.

det (II®) = hy hyy — b3, =

Az A

(P1 +q, )
(216)

By Equations (215) and (216) and FHSEL = HEL _ det
(ITEL), we get the desired equation.

Similar to Lemma 20 and Proposition 21, for spacelike
curve and spacelike surface, we obtain the following:

1
lim ——dsy; =dsg, 217
0 VL EL E (217)
1
lim —daSEL—dchE (218)

L—o0

Combining Equations (214) and (217) and Proposition
26, similar to the proof of Theorem 22, we have the second
Gauss-Bonnet theorem. O

Theorem 30. Let S C Eﬁp
finitely many boundary components (0S); i€ {1, -+, n},
given by C*-smooth closed and regular spacelike curves a; : |
0,21] — (0S),. Let F* be intrinsic Gaussian curvature
of S in Proposition 29 and Kfosos the intrinsic signed geodesic

1, be a regular spacelike surface with

curvature of «; relative to S in Proposition 26. Suppose that
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the characteristic set C(S) satisfies %' (C(S)) =0 and that
|V E|l; is locally summable with respect to the 2-dimen-

sional Hausdorff measure near the characteristic set C(S).
Then,

J KX dog + ZJ o ds = (219)

i=1
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