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Short Research Article

ABSTRACT

In our previous work titled “Riemannian Quantum Theory of a Particle in a Finite-Potential Well", we
constructed the Riemannian Laplacian operator and used it to obtain the Riemannian Schrodinger
equation for a particle in a finite-potential well. In this work, we solved the golden Riemannian
Schrodinger equation analytically to obtain the particle energy. The solution resulted in two
expressions for the energy of a particle in a finite-potential well. One of the expressions is for the
odd energy levels while the other is for the even energy levels.
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1. INTRODUCTION

The origin of quantum physics occupies a time
period in history that covers a quarter of a
century. Classical or Newtonian mechanics was
available in the powerful formulations of
Lagrange and Hamilton by the year 1900. Thus,
the classical electromagnetic theory was
embodied in the differential equations of
Maxwell. Defects were, however, made clear by
the failure of the classical theories to explain
some experimental results, notably, the
frequency dependence of the intensity of
radiation emitted by a Dblackbody, the
photoelectric effect and the stability and size of
atoms [1].

Quantum Physics came to existence in 1900
when a famous pronouncement was put forward
by Planck to unfold and illustrate the meaning of
the observed properties of the radiation ejected
by a blackbody [2]. This phenomenon posed an
unsolved problem to theoretical physicists for
several decades.

Principles of thermodynamics and
electromagnetism had been applied to the
problem but, these classical methods had failed
to give a sensible explanation of the
experimental results [3,4].

The quantum hypothesis of Planck and the
subsequent interpretation of the idea by Einstein
in 1905 gave electromagnetic radiation discrete
properties; somewhat similar to those of a
particle. The quantum theory made provision for
radiation to have both wave and particle aspects
in a complementary form of coexistences. The
theory was extended when a matter was found
to have wave characteristics as well as particle
properties by de Broglie in 1923 [5]. These
notions continued to evolve until 1925 when the
formal apparatus of quantum theory came into
being.

The discovery of the wave-like behaviour of an
electron created the need for a wave theory
describing the behavior of a particle on the
atomic scale. This theory was proposed by
Schrodinger in the year 1926, two years after De
Broglie formulated the idea of a particle-wave
nature [6]. Schrodinger reasoned that if an
electron behaves as a wave, then it should be
possible to mathematically describe the behavior
of the electrons in space-time coordinate as a
wave.

The Schrodinger proposed theory; yielded the
fundamental equation of quantum mechanics
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known as the Schrodinger wave equation. This
equation has the same central importance to
quantum mechanics as Newton’s law of motion
has for classical mechanics [7].

2. THEORETICAL ANALYSIS

2.1 Derivation of Riemannian Laplacian
Operator  in Spherical Polar
Coordinate Based upon the Golden
Metric Tensor

Consider a particle of mass, m in a finite-
potential well of width, a and depth, 1,

The Riemannian Laplacian operator [8,9]
given by
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The Golden Riemannian metric tensors in
spherical polar coordinate [9,10] are given by
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Equation (9) reduces to
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To obtain «a in spherical polar coordinate, we
substitute equations (2) and (7) into equation
(11) as follows:
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To obtain g in spherical polar coordinate, we
substitute equations (3) and (7) into equation
(13) as follows:
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To obtain y in spherical polar coordinate, we
substitute equations (4) and (7) into equation
(15) as follows:

(15)
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For & = = 55 {9.9% 55} (17)

To obtain y in spherical polar coordinate, we
substitute equations (5) and (7) into equation
(17) as follows:
\/_ x° {‘/_ 9% @} =
1 ] 2 3\t
‘—rzsine( +c—zf)m{r2“”9(”c—zf) (1
2) %)
tal) o
=-(1+ 510 35 )

Substituting equations (12), (14), (16) and (18)
into equation (10), we have thus:
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(18)
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Equation (19) is the golden Riemannian
Laplacian operator in the spherical polar

coordinate. The well-known Laplacian operator
is derived based on Euclidean geometry while
equation (19) is derived based on the
Riemannian geometry using the golden metric
tensor. This equation is further applied to the
Schrodinger equation in order to obtain the
golden Riemannian Schrodinger equation.

2.2 Derivation of golden Riemannian
Schrodinger equation in Spherical
Polar Coordinate

Consider the well-known Schrodinger equation
[11,12] given by

(20)

_hZVZ
Ey =Hy = 2m

where E is energy of the particle, H s
Hamiltonian of the system, m is mass of the
particle, i is normalised Planck's constant, V2 is
Euclidean Laplacian of the system, V is particle
potential and y is wave function.

We replace the Euclidean Laplacian operator
with the golden Riemannian Laplacian operator
in equation (19); that is:

(21)
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Substituting the expression for the Riemannian Laplacian operator, V2 into equation (21), we obtain
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Expanding equation (22) and considering that V =V, which is the depth of the potential well, we
obtain
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Equation (23) is the golden Riemannian Schrodinger equation in spherical polar coordinates.

Using the method of separation of variables, we seek to express the wave function, y as
Y = ROIDP)O®) exp(— ) (25)
Putting equation (25) into (23) yields

2 2
_ RID(P)OOE _ _ hzn(iR(r))(D(qb)O(G) 3 thT](%R(T))‘D(d))@(B) 3 lhzn COS(G)R(T)Q’((#)(%O(S)) 1 hZHR(‘r)(D(d))(ddﬁ@(G))

expiTEt mrexpiTEt 2 mexpiTEt 2 mr2sin (9)expiTEt 2 mrzexpiTEt
a2
1h2"R(T)<W®(¢))®(9) 1RIOPPOO)ZE? | VaRIIGH)OO)
2 2w pzoo LEL TEt + TEt (26)
mr?sin 6 exp—- 2 mnexp—- exp—-
Dividing equation (26) by (25) and bringing the like terms together we have
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Rearranging equation (30) we have
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Equation (31) becomes
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a; = % k=1 (47)
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Substituting equations (46) to (51) into (34) we have
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Solving equation (55) for E, we obtain
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Equivalently

cos(d)( Lo(p)) a2 L o)
dae me(g) _ 2mr?a? _ d¢p?
(6) sin(6) 0(0) R2n ~ ®(¢)sin6?
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Equating the right hand side of equation (60) to - k implies that
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The characteristic equation is given by
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and

m = +Vksin20 = +Vksin (72)

Hence,

D(¢p) = ¢, exp(VEk(sind) ) + ¢, exp(—Vk (sin6)¢p) (73)

Seeking the solution for equation (73) as

[y | &

1
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Solving for E from equation (75) yields

[E =nm + n?h2nw2 + n?m? — 2nma2 — ZVOnm,] (76)
E =nm — \n?R2nm? + n2m? — 2nma% — 2V,nm

From equation (76) we have two sets of values for the energy which are identified as

E; = nm + \n?R?nm? + n?m? — 2nmaA% — 2V,nm (77)

and

E, = nm — n?h*nn? + n?m? — 2nyma2 — 2V,nm (78)

Substituting the expression for n from equation (24) into equations (77) and (78) we have
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Further simplification and expansion of equations (79) and (80) gives
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where n is energy level of the particle in a finite
potential well, m is the mass of the particle, c is
speed of light, V, is depth of the well, f is
gravitational scalar potential, 4 is normalised
Planck's constant = and A are constants.

3. DISCUSSION

Equation (81) and (82) are the solutions to the
golden Riemannian Schrodinger equation. They
represent the quantum energies of the particle in
a finite-potential well. Equation (81) represents
the energy at odd energy levels and equation

am?
m2 -2t

1
2 2f2 2 5
2 4m?*f | 4m*f 2 /12 4—77;/21 f 2Vn 4V0mf)z (81)

c? c* c?

amA%f
CZ

2£2
> +#—2m/12+
c [

- 2vm + 222)* (82)

c?

(82) represents the energy at even energy
levels.

This can also be applied to all entities of non-
zero rest mass such as: infinite potential well, a
rectangular potential well, simple harmonic
oscillator etc.

4. REMARKS AND CONCLUSION

We have in this article, showing how to
formulated and constructed the Riemannian



Laplacian operator and the golden Riemannian
Schrodinger equation. We have solved the
golden Riemannian Schrodinger equation
analytically and obtained the expressions for the
quantum energies for both odd and even states.
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