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Abstract

Originating from the convolution sum

Z oz(m)os(n — 8m)

m<g

for n € N by Kim’s result, we try to induce the convolution sum formulae as

Z o1(m)os(n —8m) and Z os(m)o1(n — 8m)

n n
m<g m<g

therefore we obtain the desired results. Moreover we construct some various convolution sums and

obtain their formulae.
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1 Introduction

The study of arithmetical identities is classical in number theory and such investigations have been
carried out by several mathematicians including the legend Srinivasa Ramanujan.

Forn € N, s € NU {0}, ¢ € C with |¢|] < 1, we define the divisor function and the infinite product
sums :

os(n) = d°, Alg):=) 7(ng" =q[[(1-¢"*,
d|n

n=t n=t (1.1)
co N 4 A 2711 I3 4 0 1 n\32 1— n\16
G(q) == ;9(”)61 =2 (A(q‘*()q?’i(q)‘l) =2 qg ( +(ql 2’_ q(zn)mq ) )

In general, it is satisfied that
b(n) = 78b(g) and  h(n) =0 (1.2)
for even n (see [1], [2], ([3] Remark 4.3)). As an extension of (1.2) we obtain the following lemma.

Lemma 1.1. Letn € N be an even positive integer. Then we have

g(n) = 256b(g) + 81926(%).

For ¢ € C satisfying |¢| < 1, the Eisenstein series L(q), M(q), and N(q) are

L(g)=1-24) oi(n)q", (1.3)
M(q) =1+240)  a3(n)q", (1.4)
N(g) =1-504)  os(n)q", (1.5)
see ([4], p. 318). It was shown that
A(9) = J755 M(@)” = N(a)*) (1.6)

by Ramanujan. And he gave in his notebook the following formulae, which are proved in ([5], p. 126-
129):

Lg) = (1~ 5a)u? + 122(1 -y, (17)
M(q) = (1 + 1z + 2*)w*, (18)
N(q) = (1 +2)(1 — 34z + 2*)u°, (1.9)
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L(q 2) (1- Qx)w + 6x(1 — x)wili—w7 (1.10)
M(¢®) = (1 -z +2”)w?, (1.11)
N(¢*) = (1+=z)(1 - %Jc)(l—Qx)wG, (1.12)
L) =(01- gm)wQ +32(1 — x)w%, (1.13)
M(q") = (1—:c+ﬁx 2w, (1.14)

4 1 1 95 6
N(g") = (1= 5o)(1 -z — goa®)uw’, (1.15)

where for 0 < z < 1, w is defined by

2
11 =1 (2n) .
w—2F1(272;1;90)—224n<n>5”

n=0
with the Gaussian hypergeometric function 2 Fi (a, b; ¢; ). From (1.6), (1.8), and (1.9), we obtain

Ag) = %

Applying the principle of duplication (see ([5], p. 125))

(1.16)

2
1—+1-— 1++v1-—
q— ¢, T — 71;) w—><H>w
1++v1—=x 2

0 (1.16), we induce that

22(1 — z)?w'?
Agh = T v 28) :

Again applying the principle of duplication to (1.17) and (1.14), respectively we have

(1.17)

z'(1 — z)w'?

Agh) = oI

and

M(g®) = (E—E -l—L —|—15\/1— —ga:\/l—x)w4

32 256
1 9 15 (1.18)
B M)+ M)+ HVT=ow' — GavT—au’
From the above information Kim showed that
G(g) =avT—zu® and H(q) =2°V1 - zw® (1.19)

n ([1], (2.1), (2.2)). In fact, since the convolution sum formula as the form
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> os(m)os(n — 8m)

n

m<§
{160 ) + 24007 (2) + 38400 () + 6553607 (2)
8355840 7 7 2 4 g
— 3481603 (n) — 3481603 (5 ") 4 18480b(n) + 197760b(%)
—3624960b(%) 1 1020g(n) — 255h(n)}

(see ([1], Theorem 3.2)) has already obtained with all n € N therefore in this paper, we are willing to
evaluate the similar convolution sum formulae and obtain :

Theorem 1.2. Letn € N. Then we have
(a)
Z o1(m)os(n — 8m)

m<%
B 1
T 2193408

— 22848 (n — 4) o5(n) + 435201

{134407(71) + 403207(g + 1612807 ( 4) + 6553607 ( 8)

)
(g) — 1071h(n) — 2142g(n) — 35616b(n)
~14219525( %) — 186654721)(%)} .

In particular, we can simplify

Z o1(m)os(n — 8m)

m<%
34272 {2107 + 6304 ( 2) + 25204 ( 4) + 1024077 ( 8)
n n
—357 (n — 4) 05 (n) + 6801 () — 26334b(5)
= —56582417(%)} , for even n,

1
10444z (6407(n) — 1088 (n — 4) o5(n) — 51h(n) — 102g(n)

—1696b(n)}, for odd n,

Z os(m)oi(n — 8m)

m<%

m{”m ) + 201607(5) + 12002407( %) + 1101004807 (

n
3
— 11698176 (2n — 1) o5 ( (

+ 5570560+ (n) + T497h(n) — 17136g(n)

g)
n n
~282912b(n) + 446208b(7) + 122142720b(1)} .
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In particular, we can simplify

> os(m)oi(n —8m)

n
m<g

1 n . .
rseas 107(n) + 6307(5) + 403207 (%) + 34406407 ()

—365568 (2n — 1) as(g) + 1740804 (n) — 524166(%)

- _5698561)(%)} ' for even n,
1
380756201 (3207(n) 4 55705601 (n) + 7497h(n) — 17136g(n)
—282912b(n)}, for odd .

Furthermore, by defining

D(q) =Y _d(n)q" = (AW’ AP)A[G) = ¢ [JTa-g*a -1 —q™),
F(q) — Z f(n)qn _ (AA(?qi >§ _ q5 H(l _ qn)24(1 + qn)32(1 + q2n)32

n=1 n=1

and by Lemma 1.1 we can generalize some convolution sums :
Theorem 1.3. Letn,k € N withk > 2. Then we have

(@)

> 92" m)oi(n —m) = 2(=2)* {d(2n) — (3n - 2) b(n)} ,

m=1

_(—2)3k+ {4d(n) —(3n—2) b(ﬁ)} . forevenn,
% 2
Z g(2°m)oi(n —2m) =
m<g 6(—2)% +1d(n), for odd n,

> 9" @m - 1D)or(n—2m +1)

6(—2)%T4d(n), for even n,

—(—2)3+1 {d(2n) — 48d(n) — (3n — 2)b(n)}, for oddn,
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n

g(2"m)os(n —m) = —é(—2)3k+1 {T(n) + 2567(%) — b(n)} ,

3
I

g(2"m)os(n — 2m)

3
A
|3

L gy {T(g) + 21767(%

n
E )_b(i)}’ for even n,

3

~ 6ol (=2)%%73 {g11(n) — 7(n) — 45285376 f(n)}, for oddn,

Z g(2k(2m —1))os(n —2m+1)

m<%

—3(—2)3k+> {T(g) +64T(%)}, for even n,

- 3T155(—2)3k {15011(n) + 13677 (n) — 679280640f (n)

—1382b(n)}, for odd n.

2 Preliminary Results

We can put

Ag) = L= ;gﬂw (2.2)

(refer to ([6], (4.1))). For all n € N we have shown that

c(n) = d(2n) — 32d(n) (2.3)
in ([7], Theorem 1.1). On the other hand, for only even n we can see that
a(n)=0  and c(%) =d(n) — 32d(g) (2.4)

(see ([7], (2.4))) and also we obtained Proposition 2.1 :

Proposition 2.1. (See ([8], Theorem 1.1)) Let n (€ N) be an even positive integer. Then we have
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1
F(n) = 45285376 {”“(”

7(n) = 7247(2) - 20487(%).

) — o1 (5) — 2048r (%) — 42434567 () },

Now we need the following identities which can be found in Lahiri ([9], p. 149)

_1—28827101 n)q +240203

n=1

M) = 14480 Y or(n)a”

n=1

L(q)M(q )—1+7202n03 n)q" 75042(&

n=1

L(q)M*(q )—1+7202n07 n)q" —26420’9

n=1

L(¢)N(q) =1 — 100827105 +4soza7

n=1

M(q)N —1—264209

n=1

Fore, f,m,n € N we set

, (2.5)

’

I

Ramanujan [10] and Lahiri [9], [11] showed that I. ;(n) can be expressed as :
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5 1—-6
Lii(n) 503(”) + ( 75 n)ffl(n)»
7 (1 - 3n) 1
his(n) = ggos(n) + = =—0s(n) — 5 5o1(n),
5 (1 - 2n) 1
I 2 —
1,5(n) 12607(n) + g os(n) + 50401(71)»
1 1
I3,3(n) 120 7(n) 12003(707
1 (2 - 3n) 1
hy(n) = fe500(n) + =2 (n) = 15971 ()
11 1 1
I35(n) = 75040‘79(70 - %05@) + mﬂzs(n),
455 (5 — 6n) 1 36
Luo(n) = 35501711 () oo 7o)+ 551010 = gy (),
91 1 1 5
I37(n) = mml(”) - %07(”) - @03(71) + WT(R)’
65 1 3
i = — _ _ 2
55(1) = Top733 71 (M) + 55505(0) = 57 7(n),
691 1—n 691
() = ggggoran) + g o o) = gEioirto)

1 1 1
Iso(n) = 5or5013(n) = 5500(n) + 50 05(n),

1
= 700807 (™ * 50777 ~ 3575 (M)-

And in ([6], p. 45-54) we can see that
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1 1 . n (1—3n) (1-6n) ,n
Ti1(n) = EUS(W) + 50’3(5) + o1(n) o 01(5),
1 1 n (2—-3n) 1 n
Tis(n) = gos(n) + zos(5) + —g=0s(n) = 5 ge1(5),
1 1 n 1—-3n n 1
Tya(n) = grsos() + 150s() + LB oy (M) - aim)
1 32 n 1—n 1 n 1
Tialm) = 3770 + oz or(5) + gy o) + o) — zbin)
1 2 n 1 1 n 1
Toa(m) = 504977 (M F 555 77(5) = 5207 ~ 35572 (5) T 9P
1 2 n. (1-2n) n. 1 1
T = —_— — -_ — _— _ —
5.1(n) = 5rpor(n) + go7(5) + g os(G) + gy () = b,
Y 8 n (4—3n) 1 n
Ti7(n) = 57679 (0) + goro0(5) + g o7(n) = fg51(5)
1 16
- @C(”) - ﬁd(n)’
1 4 n 1 1 n
Tos(n) = 21557900 + 1g5379(5) = 55575 (0) + 55173(3)
1 4
+ %C(”) + 3—1d(n),
1 1 n 1 n 1
T - — oo(Zy - o (B —
5.3(n) = 3755870 (M) + 36579(5) — 55575(5) + 55473 (™)
1 2
- @C(”) - 371d(n)’
1 17 n (2-3n) ,n 1
Tra(n) = 1355070 + 7479 + T o1(5) ~ g5 (W
1 2
+ 4#960(") + ?Tld(n)’
31 25 n (5—3n) 1
Troln) = 5937110 * 2505711 (2) T Tz 2175
141 2688 n
~go10” ™ ~ o1 " (3)
8 n 1 1 n
T =t —° (- — — —og(2
5.7(7) = 33768071 (M + 10365711 () ~ 55077(W) ~ 157 (3)
91 368 n
+ 2o Mt o173
1 16 n, 1 1 n
Too() = Traiga 71 () + g0 (B) + 50a (M F 55a e (5)
11 88 m
~55a8” (™ ~ Go1 ()
1 17 n 1 n 1
Tra(n) = 3376507100 + 55730711(3) ~ 53577(3) ~ g2 (™)
23 91 n
+ 1056 "™ T 35275
_ 31 n (5—-6n) ,n
Toa(n) = gropon () + gemon Q) + = oe(5) + 5gpo1(n)
_ 2 282
5528 3455 2/

Also we can find
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Trsa(n) = —— [n {05(n) + 2005(2) — (36n — 15) ag(g)} - b(n)] (2.8)

Ul,l(n) = —
U1,3(1’L) =

U371(7L) = 0'5(11) + —

1 ()+L (ﬁ)-l- (ﬁ
20877V T 13679 T 107177\
19 b(n 26, .n

~ 516°™ — 57%(35)

U3,3 (n) =

U175 (n) =

5361577 + 377577(5) + 5207 (3) — 356
3264007" 2176°7' 27 T 25577\

9
* 2176b( n) + T%b(Q)

n
Us(n) = 13708577 (M) + 5176 97(5) + 51o7(3) + = os(]
13 19
— 2 b(n) — —2b
6525°™ ~ 576 (2)
n)+ 256 n, (10 —3n)

7 23
Ura(n) = —qgeggon(n) + soogon(5) + gogpzon 240
1 1589 5790 m 2562304
- _ 2099 Ly = 20 2002502 144
* 9617 ( )~ 552807 (" ) 601 "2) T 6ot ) + 614401 (n),

121 n 8
Us7(n) = 365322071 (™ T 176306 176896 711(3) + 1g365 711

Sy T T(n)+ 5003 (- TL96
48077147 " 176896 11056 691

Us.s5(n) = n

——o1( a9(n)

L )+ (D) + o () + o
11144448° " 176896 235337127 T 504

Lyl B 2505 (g)_5616 ™,
5047°Y 47 T 1768967 VY T 221127 '2) T 691 | ‘4
31 1 n 31 n

Ug,l(’l’L) = 1(71) + mo'll(g) + 20730'11( )+

671 2505 105314 n

4

76296 ~ 221127 (% 5) - 3155 7

5837568 "

1
+26ﬂ (n)—

and from ([13], (2.8), (3.1)) we know that
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1 17 8 n (8—13n) 1 n
Ur7(n) = 1799770 (") 39680( )+ 3657 T e o)~ g ()
433 4232 m. 109 529 n
+ 2290 — 1 43) — 35 ~ 15145,
4 n 1 1 n
Us5(n) = 1750207 (™) + 79367 ( )+ 19537905 ~ 34575 + 55573(3)

0'7(

— ord(n) + (% )+% (n) + yese( ),
Usaa(n) = qogozs00(n) + 51 mo0(5) + szon(B) = ssos() + o
— () — S2d(5) %dn) — elD),
Ura(n) = @Ug(”) + 25:14;52‘7 (n) * %74 (E> + %
~ oM %d( )+ %d(ﬁ) + 255329952 c(n) + 71903960(3)’
Ura(n) = *@”HW + m (g) 201730 (E) - ﬁm(g)
~ g0 T 173668996T(n) + 2126;1112 (P)+ 212328023 (n) +120£(n).
Many identities in Proposition 2.2 are found in the wide area of [6].
Proposition 2.2. (See [6]), For q € C with |q| < 1, we have
(a)

L@M(a") = 4L )M(g") + 52 N(@) + T3 N(@*) — 51N (g") — T Afg),

L(g")M(a) = JL@M(a) = 5 N(a) + 5xN(@®) + 37 N(a") + 90A(a),
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819

L(g)N(g") = 4L(a" )N (a") + 55 M (0) + £ M2 (@) — %M%ﬁ) -3, B@
4788
- 73@2)7
()
M@M(a") = 5o M (a) + 55 M2 (@) + 12 M3 (a") + 2020 Bla) + S0P Bl),

1 16 63 64 4788
L(g")N(q) = JL@)N(9) = gz M (9) + 515 M* (@) + o= M*(¢") = ——Bl(a)
104832
T B(q%),

L(g) M2 (%) = 2L(g*)M2(¢®) + —— M(q)N(g) — 222

341 341
23040
- ===D

31 (),

M%@Mf)=%M@Mﬂﬁ—é%ﬂﬂﬁN@%+§§M@%N@3+g—4ﬂw
184320

+ 31 D(q).

And we obtained more simplified identities as follows in ([8], (22))

1 255
L(Q)M?(¢") = AL(¢"M?(¢*) + —— M (¢)N =2 M(¢*)N(g?
(@M~ (q") (@ )M (q") + 57296 (@)N(q) + 57296 (@ )N(g")
1024, 4 23805 4905 , . 18315 156960
M(q")N(q") 992 C(q) 31 C(q7) 5 D(q) 31 D(q"),

341
M(g)N(g") = 5702 M@)N(g) + 505 MEIN () + 500 ()N (")

21824 341
59535 () 124740 62370 3991680
248 M4 31

C(q*) + —51 Pl +—%5 D(¢%),
N@M(G") = 2= M@N(@) + s M@EN (@) + 531 ()N (g") @9)

320

5456 341

31185 952560 204120 30481920
WC(Q)— 31 Clq*) + - D(¢%),

31 P 31

+

2 a1 2 . 64 255 oo
M*(q¢)L(¢") = 4L(Q)M () 341M(q)N(Q)+ 1364M(q )N (q%)
256 4. 4 9810 1523520 , 5. 623520
+ 34J7ﬂ4(q )N(q™) + 31 C(q) + 31 C(q7) 31 D(q)
48752640
+TD(Q2)

owing to N. Cheng and K. S. Williams’ results in ([6], Theorem 6.1).

Proposition 2.3. For q € C with |q| < 1, we have

677



Kim; BJMCS, 5(6), 666-704, 2015; Article no.BJMCS.2015.049

(See ([8], Theorem 2.5(g)))

ib n)q" 7322 q2n+22na ,

n=1 =

(See ([8], Theorem 2.5(h)))

L(g)B(¢®) =3 _d(n)g" =160 Y _d(n)g*" =5 c(n)g™ +3 _ nb(n)g™",

n=1 n=1

(See ([8], Theorem 2.5(i)))

oo

M(q)A(g) = =256 Y d(n)q" + 16384 d(n)g™" + > c(n)q" + 512 c(n)q®

n=1 =1

3

(See ([8], Theorem 2.5(j)))

M(q*)A(g) = =16 > d(n)q" +1024 Y d(n)g”" + > c(n)q" + 32 e(n)g™",

n=1 n=1 n=1

(See ([12], Theorem 1.2 (a)))

UM =1+ 25 ord” + 528 S orln)e™ =243 nosn)a”

n=1

— 2976 Z nos(n)g”" + 3456 Z n’o3(n)g™™ — 7 Z b(n)q™,

n=1 n=1

(See ([12], Theorem 1.2 (j))

:—16Zd(nq —ch(nq + - an(n )

n=1

(See ([12], Theorem 1.2 (k)))

L(¢*)B(g) =8 d(n iz )+ 3 an
n=1 n=1
(See ([12], Theorem 2.1))

2 2016 — . 6144 ad
L(g)L(¢")M(q) = 1+ ST o7 Z oz7(n — 7442 nos(n)q

n=1

—153621105 q2"+8642n03 q—@Zb

n=1

(See ([13], Theorem 1.3 (d)))

504 — 1512 & 6144
L L 4 M _ 1 n 2n 4an
(@)L(¢")M(q) = + 7 n:10 + ,?: "+ 5 2 107(n)q
—312§ nos(n)q" —360§ nos(n —3072§ nos(n)g™"
1932 52608
4 2 2 no_ n
+43 ;:171 o3(n)q ETa n:1b E b(n

+ 180 Z na(n)q",
n=1
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(j) (See ([13], Theorem 1.3 (e)))

3 n 450 & n 7680 n
L*(gYM(q) = 1+ 32 D or(n)g" + o D _or(n)g™ + = > or(n)g"

n=1 n=1 n

- 30 Z nos(n)q" — 180 Z nos(n)g”" — 1536 Z nos(n)g™"

+108 Z n’os(n)q" + % b(n)g" + —1215776 > b(n)g™
+90 Z na(n)q",
(k) (See ([13], Theorem 1.3 (f)))
L(q)L(q")M(q")
= 1—|——Zo —|—1§—49207(n)q2n O—7Z anJE,(n)q"

4 oo
_ ?5 3" nos(n)g® — 4992 Z nos(n)g™™ + 6912 Z nos(n)g™"
n=1

n=1 n=1
=) [eS)

411 . 1932 N -
— =) bn)g" — —- *ZZ

h
N
N

o
S

I

oo

M8
00\01
HMS
OO\CO

In [8], [12], and [7] we induced various convolution sum formulae which are the base of obtaining
another convolution sums.
Proposition 2.4. Letn € N. Then we have

(a) (See ([8], Lemma 1.5(d)))

> bm)or(n —2m) = - {Gd( )—320d(g)—10c(g)+(3n—z)b(g)},

m< "

(b) (See ([12], Lemma 3.1(a)))

i o1(m)b(n —m) = 4i8 {32d(n) + ¢(n) — (3n — 2) b(n)},

m=1

(c) (See ([12], Lemma 3.1(b)))

Z o1(m)b(n —2m) = —% {32d(n) + ¢(n) + (3n — 4) b(n)},

m<%

(d) (See ([12], Lemma 3.1(c)))

S oy(m)b(n — m) = 240{ n) +2567(5) —b(n) }

m=1
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(e) (See([7], (3.5)

gag(m)b(n—Qm)—ZiO (n) +167(2) ~ b(n) }
() (See (7], (3.7))
S b(m)os(n — 2m) = m {15011(n) — 15011(5) — 157(n) — 200247(3)

m<%

—396247047—(%) — 679280640 (n) — 11056b(g)} .

Proposition 2.5. (See ([1], Lemma 2.2, Lemma 2.3)) For q € C with |q| < 1, we have

(a)

1 240
552 M (6") + T2 Bla) + 256B(¢"),

= _—M?*q) -
e (@) = 355

2 _ - 2 _i 2 2_%
W = oM (9) ses M (q) 173()

955 (@) 173() 256B8(q°),

8

3 8 1 2
= —_M?*(q) —
W= oer (9)

2*V1 — zw® = 8192B(q") + 256 B(¢°) + %H(q).

3 Preparationsto Find > _ : o1(m)os(n — 8m) and
2 emen 05(m)or(n — 8m)

Proposition 2.5 enables us to induce Corollary 3.1 :
Corollary 3.1. Forgq € C with |q| < 1, we obtain

(a)
3 10 _ 8 n 8 - Zn 3712 - 2
Tw" = o E o9(n)q" — 31 nE:log(n)q E d(n)q" — 8192 n§:1 d(n)q

4 10 8 o a8« 2 19584
T w —ﬁéag(n)q —iZJg(n)q Zd

n=1

— 24576 i d(n)g*™ — 35 i n)q" — 768 Z
n=1

n=1
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Proof. (a) Firstby (1.7) and (1.13) we can observe that

AL(q") — L(q)

_ 5 dw 2 dw
= 4{(1 Zm)w + 3z(1 :c)w%} {(1 5x)w” + 12z(1 :c)w%}
= 3wQ7

which shows that

4 1
w? = 2 L(q") = 3 L(a). (3.1)
Therefore by Proposition 2.5 (c) and (3.1) we have

— (55 M%) - g5 M)~ 2B - 25050 ) (06") - 3240
— ML) - %M%q)L(q) 7 ML) + M)
128 4 1024 4 256
- ST B@L(¢h) + 513( 9)L(g) = ——B(¢*)L(¢") + =~ B(d") L(a)

so we refer to (2.7), Proposition 2.2 (k), (I), (2.9), Proposition 2.3 (b), (), (g), and (1).
(b) From (1.7) and (1.10) we induce that

2L(q%) — L(q)

_ — 9w — _ o
=2 {(1 2z)w” + 6z(1 — z)w . } {(1 5z)w’ + 12x(1 — z)w . }
= w® + zw®

= %L(cf‘) - %L(q) +zw?,

where we use (3.1) for the last line and so we obtain

4 2
ww® = =2 L(g") +2L(¢") = SL(q)- (3.2)
Thus by Proposition 2.5 (c) and (3.2) we have

— (M) - s M) - ﬁB< ) - 2565(°))

= o ME@)L(a") + 5o MADLG) — s M2 ()LL) + 7z M2() L")
— e M (@) L(e) + ﬁM2( ¢*)L(q) + %B( )L(g") - %B(q)L(qQ)
+ %B(q)L(q) + 103245’(q JL(g*) — 512B(¢*)L(d°) + =2 B(¢*)L(q)
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so we refer to (2.7), Proposition 2.2 (k), (I), (2.9), Proposition 2.3 (b), (), (g), and (1).

O
n ([14], (3), (30)) K. S. Williams defined
:;k(n qrglfq 1fq ™ :1—6:c\/17xw (3.3)
and evaluated
4 3 12 256
(L(a) = 8L(¢")" =  M(@) = EM(¢") = T M(g) + 2 M(¢") + 144K (a).  (3.4)
Remark 3.1. Let us expand Eq. (3.4) to obtain L(q)L(¢®) :
(L(q) - 8L(q")
= L%(q) — 16L(q)L(¢") + 64L°(q")
4 3 12 256
= gM( ) — gM( 5 - gM( Y+ ?M(QS)JFMU((Q)
and so
L(@)L(¢") = = L*(q) +4L7(¢") — = M(q) + = M(q*) + = M(q") = 2 M(q*) — 9K (q). (3.5)
DET) =367 M T 7 W T g\ )T 5 M) T g . =
Theorem 3.2. Forq € C with |q| < 1, we obtain
(a)
1 - n 1 - 2n
M(q)K(q) = 5 > h(n)g" + % n)q" + 2242 n)q*™ + 7168 Z ,

n=1 n=1 n=1

M(q*)K(q) = 3% > h(n)g" + %6 > gn)g" =16 b(n)g™" — 512 b(n)q*

19 2n 4n
= 2 bme’ =272 b(n)g™,
n=1 n=1
(e)
480 & 7680 — >
L2 M 2 :1 n 2n_
(@M(q”) uT ;07( ) + 4 ;Mmq 96;7105(71)61

ad 336 — "
—384021105 n)q’ +69122n203(n)q2 —l—l—Zb(n)q,
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—720) nos(n)g"" — 6144 Z nos(n)g®™ + 864 Z nos(n)g"

n=1

|
glo
™
>
=
Qﬁ
|
5| ©
Ma
)
=
'QS
|
—
=
1
(wal
HMS

2 2 17
_ @ n; b(n)q*" + 3602 na(n)g™",
)
L) = 1+ 52 Y orla” + 57 S ortnle® + 152 S vy
n=1 n=1 n=1
T 614472 (n)g®" — 1262na5(n)q” - 13%9 ih( )q"
- %? :lg(n)q" - % i b(n)q" — 133?8 Z:l b(n)g™"
174197888 i b(n)g"™,

L@AW?) = — 505 S h(n)g" =33 b(m)a®™ — 96> b(n)g™ — 43 na(n)™,

n=1 n=1

189 189 &
L N 8\ __ n 2n -7 4an
(@)N(g®) +72176nz::0 (n)q +72176;0( )"+ > 7(n)
8064 &n > en 1323 & "
i T;(n(n)q 80647;1n05(n)q +4096;h( )g
189 < n 26523 w5229 on
~ 256 nzlg(”)q 2176 Zlb(")q T o ;b(”)q
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— 1440 Z nos(n)g'™ — 6144 Z nos(n)g®" +

n=1 n=1
) oo
63

AK() = 5 S dm)a" + 43 dlma™ + £ 3 elm)®™,

Proof. (a) By (1.8) and (3.3) we can know that

M(q)K(q) = (1 + 14z + z*)w* - 1—16:10\/1 —zw’

= 1i6 (w\/l —zw® 4 142° V1 — zw® 4+ V1 — mwg)
1
- = {G(q) +14 (8192B(q4) +256B(¢) + %H(q)) + H(q)}

1 1
= —=Glq) + TI68B(g") + 224B(e) + S H(a),

where we use (1.19) and Proposition 2.5 (d) for the third line.

(b) In a similar manner to proof of Theorem 3.2 (a), by (1.11) and (3.3) we have

684



Kim; BJMCS, 5(6), 666-704, 2015; Article no.BJMCS.2015.049

M(PK(q) = (1 —z+ 2w - %x\/l —zw*
= 1i6 (w 1—zw® — 22V1 — zu® + 2° l—xwg)
== {G(q) - (8192B(q4) +256B(¢%) + %H@)) + H(q)}
= 1560~ 512B(¢") — 16B(¢°) + 35 H(0)
(c) From (1.14) and (3.3) we obtain

1 1
M(@HYK(q)=(1—=z+ Ea:Q)w4 . Ex\/l —zw*
1

1
— (a: 1—xw8—x2\/1—xw8+ﬁx3 1—xw8)

~ 16
_ % {G(q) _ (81923(q4) +256B(q%) + %H(q)) + %H(q)}
= %G(q) - 512B(¢") — 16B(¢”) — ﬁH(q)-

(d) From (1.18) and (3.3) we can induce that

= (——M(q2) + gM(q4) + :172\/1 —zw’ — Ex 1-— xw4) K(q)

32 16 o4
= MKW + MK + (5T~ GavT =) Ko
— _éM(qQ)K(q) + %M(q‘*)K(Q)

+ <£ﬂw4 — é—ix 1-— xw4) . %61’ 1—zw

__1 2 9 4 1 3,8 .2 8 8
= 32M(q )K(q) + 16M(q VK () + 1004 (z’w® — 3z w® + 2zw") .

Then by Proposition 2.5 (a), (b), and (c) the above equation can be written as

M(q®)K(q)
= — MK (@) + 2 M(g) K (q)

15 1 9 1 5 o 39 ,
* 1024{(255M (@) = 5z M7(q7) = 3= B(a) — 256B(q )>

—3 (%Mz(q) - %M%qz) - %B(Q))
+2 (%MQ(Q) - flg)MQ(qQ) + %B(q) + 2563(@2))}

= —31—2M(q2)K(q) + %M(q‘l)K(q) + %B(q) + %B(qz)

so we use Theorem 3.2 (b) and (c).
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(e) By (1.4) and (2.5) we have

L*(q)M(q*) = L*(q) - M(q”)

<1 — 288 Z no1(n)q" + 240 Z o3(n > (1 + 240 i ag(m)(f’“)

n=1 m=1

N
1+ Z { ~288N01(N) + 24003(N) + 24005 (%)

—288-240 Y (N —2m)a1(N — 2m)os(m)

m<%

+240-240 > o3(N — 2m)os(m) » ¢

m<ﬂ
N
=1+ Z { ~288N01(N) + 24005(N) + 24005( ) — 288 - 240N - T5.1(N)

4288240 - 2+ Trn5.1(N) 4 240 - 240 - T5 5(N)} g7,

which requests (2.8).
(f) By (3.5) we can know that

L(q)L(¢*)M(¢*) = L(q)L(q®) - M(¢*)

— (51 + AL3(") — oM@ + M) + M)~ M)~ 9K (o))
x M(q*)

= CLA@M(@) AL (P)M(P) — 5 M@)M(@) + o M2(0) + 5 Mg M (%)
— P MEM(?) - 9K () M()

so we refer to (2.6), Proposition 2.2 (e), (i), Proposition 2.3 (j), Theorem 3.2 (b), and (e).
(g) By Proposition 2.2 (a) let us consider Theorem 3.2 (f) in another point of view as

thus we use Proposition 2.2 (j) and Proposition 2.3 (i).
(h) First applying the principle of duplication to (2.2), we have

221 — 2w’

Alg") = 256

Thus by (1.10) and (3.6) we can induce that
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2 —.. 6
L(¢))A(G) = {(1 —2z)w” + 6x(1 — m)w%} (QE;TW)
1 3 8 1 5 8 3 4 7 dw
=—— 21— — VT —zuw® — =21 — 2w
128" Tt 56" T 08" i
3 3 7dw
i 1— ==
* 128" R
which leads to
4 7dw 3 7dw
- V]l—zw' —4+2’V1 —zw' —
dx dx
_ 128 L(¢*)A(d®) + i:1:3\/1 —zuw® — ix2 1—zuw®
3 128 256
128 1 1 1 37
_ 140 2 2 . o 4 2 -
= B A + g - g (819280 + 2508 + 1) |
128 4096 128 1
= TL(QQ)A(QQ) - ?B(‘fl) - TB(QQ) + ZH(Q)’

where we use (1.19) and Proposition 2.5 (d). Second from (1.7) and (3.6) we obtain

L(g)A(¢®) = {(1 — br)w? + 122(1 — m)w%} (%)

5 3 8 1 5 8§ 3 4 - dw
. = 21—zt — 2otz Y
256" Tt 56T Tt "

3 3 7dw

2 1— o

T "
:f%mg 1fxw8+%x2 1— 2w

=y 21— a:w7d—w
dx dx

8

= 5o H(0) + % (81923(q4) +256B(q”) + %H(q))

o . o 4096 _ 4. 128 . 1
+ o (Braaet) - 528 - e + 11w
3
- EH(q)v
where we use (1.19), Proposition 2.5 (d), and (3.7). Finally we refer to Proposition 2.3 (a).
(i) By Proposition 2.2 (d) let us regard Theorem 3.2 (f) as

= L(q) GL(QQ)M(QQ) - %N(QQ) + %N(tf) + %N(qs) + 90A(q2)>
= iL(Q)L(qz)M(cf) - %L(Q)N(ff) + %L(Q)N(q4) + ;*?L(Q)N(qs)

+ 90L(q)A(¢%).

Thus we refer to Proposition 2.2 (f), (h), Proposition 2.3 (e), and Theorem 3.2 (h).
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(j) By Proposition 2.2 (b) we have

= 10) (JLaM1(a") - VG + NG
= LL@L@)M() ~ G L@N) + 3 L@N ()

So we use Proposition 2.2 (h), Proposition 2.3 (k), and Theorem 3.2 (i).

(k) By Proposition 2.2 (c) we can reconsider Theorem 3.2 (j) as

L(¢*)M(q") = L(¢") - L(9)M(q")

(4L Mla") + N0 + gN(@) - 5N - FA@)
= AL(O LM (0") + s LN () + g LN () — S LN (')
fﬁu A(a),

which needs Proposition 2.2 (g), (j), Proposition 2.3 (h), and Theorem 3.2 (g).
(I) First by (2.2) and (3.3) we can write A(¢)K(q) as

2 A0 6
M)A = (-3 ot ST
:%f 1fxwlofﬁx3 1— zw! +%x 1 — zw'®
1 10
= A(Q)K — 1-— .
@K (@) + gz VT—aw
Also by (1.14), (3.6), and (3.8) we have
2 6
4 4 V1 —zw
M(q")A(q ) (1 :c+16:v )w 256
R — 10 1 3 — 10 1 4 — 10
—25623 1—zw 256:17 1— 2w +16~256x V1—axw
1 0

— 4 g1
—A(q)K(q)+16.256x 1—aw

Thus the above results lead to
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M(q*)A(q") — M(q")A(q*) = Mm VI —zw',
16M(q")A(q%) — M(q*)A(q*) = 15A(q) K (q)

and so we have

4

2*V1 — zw'® = 4096

5 M(@)A(d®) -

also by Proposition 2.3 (c¢) and (d) we conclude that

_ Z C(n)q2n‘

(m) By (3.3) and (3.6) we obtain

2 6
2 /1l —zw i 4
A)K(Q) = gz grvi—auw' = e (@

so we refer to Corollary 3.1 (a) and (b).

3,1 4 1
swoiwa)

Proof of Lemma 1.1. Now by (3.3) we note that

k(n) =0  withevenn e N. (3.10)
And from (1.4) and (3.3) let us consider the following convolution sum :

240 i > os(m)k(N — 2m) =240 <i ) (i ag(m)(f’")

N=1 7n<% m=1

= K(q) (M(q*) - 1)
= K(q)M(q*) — K(q)
then by Theorem 3.2 (b) the above equation constructs

> o3(m)k(N — 2m)
m<F (3.11)

76180 {32k( ) —h(N) —2g(N) + 512b(%) + 163841,(%)} .

If N is even then by (3.10) the left hand side of Eqg. (3.11) becomes zero and simultaneously by
(1.2) and (3.10) the right hand side of Eq. (3.11) is

Zﬂ o3(m)k(N —2m) = ﬁ {g(N) - 256b(g) - 8192b(%)} )

Therefore we conclude that

g(N) — 2561)(%) - 8192b(%) — 0 foreven N.
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4 Proof of Theorem 1.2, Theorem 1.3 and Other Results

Proof of Theorem 1.2. (a) From (1.3) and (1.5) we can observe that

o1(m)os(N — 8m)> qN

24 - 504 i
N=1 \ m<

o[z

> Us(n)q") <Z al(m)q8m> =(1-N(q) (1 - L(¢)

n=1 m=1

=1-L(¢*) — N(q) + N(q)L(q")

:24~504<

thus we use Theorem 3.2 (g) and we have

Z o1(m)os(N — 8m)

N
m<-g

1 N N N
= SToaiE {134407(1\7) + 403207 (%) + 1612807( ) + 6553607( ) )

— 22848 (N — 4) 05(N) + 435201(%) — 1071h(N) — 2142g(N) — 35616b(N)

71421952b(%) - 18665472b(%)} :

If N is odd then it is obvious that

Z o1(m)os(N — 8m)
= m {6407(N) — 1088 (N — 4) 65(N) — 51h(N) — 102¢g(N) — 1696b(N) }

but if NV is even then we apply (1.2) and Lemma 1.1 to Eq. (4.1).

(b) By (1.3) and (1.5) we can know that

24-504 i ( > os(m)or(N — 8m)> ¢

= m<%

—24.504 (Z al(n)q"> (Z 05(m)q8m> = (1-L(g)) (1 - N(¢%))

which requests Theorem 3.2 (i) then we obtain
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Z os(m)oi(N — 8m)

m<%

1 N N N
= 580756994 {3207(AU +>201607(??)-+ 12902407(?{).+ 1101004807(35)

— 11698176 (2N — 1) 05(%) + 55705601 (N) + 7497h(N) — 17136g(N)

(4.2)

—282912b(N) + 446208b(g) + 122142720b(%)} .

If N is odd then it is exact that

Z os(m)o1 (N — 8m)

m< %

= m {3207(N) + 55705601 (N) + 7497Th(N) — 17136g(N) — 282912b(N)}

otherwise if N is even then we apply (1.2) and Lemma 1.1 to Eq. (4.2).

Proposition 4.1. (See ([15], Theorem 3.1(ii))) For a prime p and s,n € N we have

os(pn) — (p° + 1) o5(n) +psas(g) =0.

Corollary 4.1. Letn € N. Then we have
(a)

3 a(m)or(n - 2m) = — {ih(n) +36(5) +96b() — (20 - 1)a(g)} ,

n 24 | 512
m< 5
(b)
o1(m)a(n — 8m)
m<g
0, for even n,
sigq {3h(n) — 6g(n) — 96b(n) — 64.(n — 4)a(n)} , for oddn,

128 {6d(n) ~ (3n—2) b(g)} , for even n,

! ? {d(2n) — 192d(n) — (3n — 2)b(n)}, for oddn,
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L 256 {8d —(3n— 1)b(g)}, for even n,
g(2m)o1(2n — 2m) =
! i; (2d(2n) — 288d(n) — (3n — 1) b(n)}, for oddn,

n

3
Il

Z g(dm —2)o1(n —2m + 1)

m< "+1

256d(n), for even n,

? {d(2n) — 48d(n) — (3n — 2)b(n)}, for odd n,

n—1

> a(@m)os(n —m)

m=1

128 n n n
= {117(§)+28167(Z) —b(§)}, for even n,

16

0365 (80011(n) + 6617(n) — 1338561280 (n) — 691b(n)}, for odd n,

n—1

Zg (2m)os3(2n — 2m)
=1
128 {91 )+ 232967—(4) b(g)} : for even n,

%{man( ) +4217(n) — 12227051520 f (n) — 691b(n)}, for odd n,

Z g(dm — 2)o3(n — 2m + 1)

m< n-;—l
256{ )+ 647 (4)}7 for even n,
10265 {15011 (n) + 13677(n) — 679280640 f (n) — 1382b(n)}, for odd n.

Proof. (a) By (1.3) and (2.1) we note that

24 Z Z a(m)or (N —2m) | ¢ =24 (Z o1 (n)q") (Z a(m)q2m>

m<%

So we refer to Theorem 3.2 (h).
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(b) By (1.3) and (2.1) we can see that

24 Z Z o1(m)a(N —8m) | ¢~ =24 (Z a(n)q") <Z Ul(m)q8m>

N=1 \ <X n=1

Therefore using Theorem 3.2 (k) we obtain

> oi(m)a(N - 8m)
1

== {3h(N) —6g(N) — 96b(N) + 768b(g) + 4915217(%) — 64 (N —4) a(N)} 7

which shows that for odd N since

thus we can easily have

1

Z o1(m)a(N — 8m) = 61

m<%

{3h(N) — 6g(N) —96b(N) — 64 (N —4)a(N)}
but for even N it is definite

> oi(m)a(N —8m) =0
7n<%
by (2.4).
(¢) InLemma 1.1 we can replace n with 2m for m € N thus

g(2m) = 256b(m) + 8192b(%) (4.3)

and so we can write

= {256b(m) + 8192b(%)} o1(n —m)
256 ”i b(m)oi(n —m) + 8192 Z b(m)o1(n — 2m).

m=1 m<%
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Therefore we use Proposition 2.4 (a) and (b) to obtain

mz: g(2m)o1(n —m) = 136 {160d( ) — 10240d(g) —e(n) — 3204%) s

+(3n — 2)b(n) + 32 (3n — 2) b(g)} .

Applying (2.3) to the above equation we have

i
L

16 n n
2m)oi(n —m) = — 3d(2n) — 192d(n) + 10240d(—=) + 320¢(—=
g(2m)or(n—m) = = {d(2n) — 192d(n) Gresey)

3
[}

— (3n — 2) b(n) — 32 (3n — 2) b(g)} .

So if n is odd then it is clear that

3
|
—

g(2m)oi(n —m) = ? {d(2n) — 192d(n) — (3n — 2) b(n)}

1

3
I

but if n is even then by (1.2) and (2.4), and Proposition 2.1 (a), Eq. (4.5) becomes

n—1

>~ g@m)oi(n—m) = 128 {6d(n) - (3n — 2)b(3) } .

m=1

(d) By Proposition 4.1 and (4.3) we have

g(2m)oi(2n — 2m)

{2566 ) + 81926 }{3a1n— —201(”_2m)}

=256-3 ) b(m)oi(n—m)—256-2 Y  b(n— 2m)oi(m)

m=1 m<ﬂ

+8192-3 > b(m)or(n—2m) —8192-2 > b( al(g —m)

m< g m<%

which request Proposition 2.4 (a), (b), and (c). Then we obtain

- 2m 01 2n — 2m e 224d — 14336d — 2c 448¢ n
mZ: ( ) = { (5) — 2¢(n) — 448¢(3) o
+(3n —1)b(n) + 32 (3n — 1) b(§)} .

Applying (2.3) to Eq. (4.6) we have
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n—1
Z g(2m)o1 (2n — 2m) = = {2d (2n) — 288d(n) + 14336d(~ ) + 448¢(2)
= 2 2 (4.7)

— (3n—1)b(n) — 32 (3n — 1) b(g)} .
So if n is odd then it is obvious that

Z (2m)o1(2n — 2m) = —2 {2d(2n) — 288d(n) — (3n — 1) b(n)}
but if n is even then we apply (1.2), (2.4), and Proposition 2.1 (a) to Eq. (4.7).
(e) By (1.2) and Lemma 1.1, let us expand Corollary 4.1 (c) as

Z (2m)oi(n —m)

= Z g(dm)oi(n —2m) + Z g(dm — 2)o1(n —2m + 1)
<y e

= ) {256b(2m) + 8192b(m)} o1 (n —2m) + Y g(4m —2)or(n — 2m + 1)
m<g m< 2L

> {256(—8b(m)) + 8192b(m)} o1 (n — 2m) + Y g(4m —2)o1(n — 2m + 1)

m<ﬁ m<n+1

—6144Zb m)oi(n —2m) + Z g(dm —2)o1(n —2m + 1)

m<n m<—5—= "Jrl

so we refer to Proposition 2.4 (a) and we have

16 n n
Zm g(4m — o (n —2m +1) = -2 {16d(n) — 2560d(%) — e(n) — 80c(%) e

+(3n —2)b(n) + 8 (3n — 2) b(g)} .

Applying (2.3) to the above identity we obtain

m;:i g(dm —2)o1(n —2m + 1) = ? {d(zn) —48d(n) + 2560d(g) + 80(;(%) s

— (3n — 2)b(n) — 8 (3n — 2) b(g)} .

Therefore if n is odd then we use
n n

d(5) =c(5)=b(35) =0

to Eg. (4.9) otherwise if n is even then we utilize (1.2), (2.4), and Proposition 2.1 (a) to the
same equation.
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(f) By (4.3) we note that

9(@m)os(n —m)
S {256b(m) + 8192b(%)} o3(n — m)

m=1

n—1

256 ) b(m)os(n —m) + 8192 Y b(m)os(n — 2m)

m=1 <n

thus appealing to Proposition 2.4 (d) and (f) we obtain

n—1
16 n
;g@m)ag(n —M) = Toas {30011 n) — 30011( ) +6617(n) + 1368487 ()

— 792494087 (%) — 1358561280/ (n) — 691b(n) (4.10)
n
—221121)(5)} .

So if n is odd then (4.10) is changed as

]
.

1g(2m)03(n —m) = ﬁ {30011 (n) + 6617(n) — 1358561280 f(n) — 691b(n)}

3
I

but if n is even then we use (1.2), Proposition 2.1 (b), and (c) to (4.10).
(g) From Proposition 4.1 and (4.3) we expand

Z (2m)os(2n — 2m)
—1

s {256b(m) + 81925(5) } {903 (n — m) — 8oa (") }

2
m=1
= 256 - 92 m)os(n —m )—256-82b(n—2m)03(m)
7n<%
+8192-9 ; b(m)os(n — 2m) — 8192 - 8 ; b(m)ag(g —m)
m<zg m<3g

therefore we refer to Proposition 2.4 (d), (e), and (f) to have

n—1

n
> g(2m)os(2n — 2m) = 10365 {270011 n) — 270011 (5 ")+ 4217(n) + 9662887 ()

m=1

— 7585300487 (1) — 12227051520/ (n) — 691b(n) (4.11)

—221121)(%)} .
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So for odd n, the convolution sum formula 37— g(2m)as(2n — 2m) is calculated easily but
for even n we use (1.2), Proposition 2.1 (b), and (c) to (4.11).

(h) From proof of Corollary 4.1 (e) we can induce that
Z g(4m — 2)os3(n — 2m + 1)

= Z g(2m)os(n —m) — 6144 Z b(m)os(n — 2m).

n
m< 5

So we need Proposition 2.4 (f) and Corollary 4.1 (f) to obtain

Z g(4m — 2)osz(n — 2m + 1)
et
-5 - n n, n (4.12)
= Toze {15011(n) — 15011 (5) + 13677(n) + 3337687 (5) — 396247047(%)

—679280640f (n) — 1382b(n) — 11056b(g)} .

Thus for only even n we apply (1.2), Proposition 2.1 (b), and (c) to (4.12).

Remark 4.1. By (4.3) let us expand Corollary 4.1 (e) as

Z g(dm — 2)o1(n —2m + 1)

m<nT+1

= > g2@m-1)o1(n—2m+1)

m< w,-2l-1

- ¥ {256b(2m — 1)+ 8192b(2m2_ 1)} o1 (n—2m+1)

m<"T+1

=256 »  b(2m—1)oi(n—2m+1)

m< n«zi»l

thus we obtain

> b@m - Doi(n—2m+1)

m< L;l

d(n), for even n,

4i8 {d(2n) — 48d(n) — (3n — 2)b(n)}, for odd n.

On the other hand, by (4.8) we can also have
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1 n n
> bEm—Doi(n—2m+1) = - {16d(n) — 2560d(%) — c(n) — 80c(%)

+(3n —2)b(n) + 8 (3n — 2) b(g)} .

Similarly by Corollary 4.1 (h) we obtain

> b@m — 1)os(n—2m +1)

m<nfl
T(ﬂ) + 647’(@)’ for even n,

2 4
3311680 {15011 (n) + 13677 (n) — 679280640 f (n) — 1382b(n)}, for odd n,

and by (4.12) we conclude that

Z b(2m — 1)osz(n —2m + 1)

m< n+1

n n
m {15011 n) — 15011 ( 2) +13677(n) + 3337687’(5) — 396247047—(1)

—679280640 f (n) — 1382b(n) — 110566(%)} .
Proof of Theorem 1.3. In advance, by Lemma 1.1 let us investigate the property of g(2"m) :
If k = 2 then by (1.2) we have
g(2°m) = g(4m) = 256b(2m) + 8192b(m) = 256 (—8b(m)) + 8192b(mn)
= (=1)*-3-2"b(m).
And if k = 3 then by (1.2) and the above identity of g(2%m), we have
9(2°m) = g(2°(2m)) = (=1)* - 3-2"b(2m) = (=1)* - 3- 2" (~8b(m))
= (=1)*-3.2"3p(m).
Similarly if k¥ = 4 then by (1.2) and g(2°m), we obtain
9(2'm) = ¢(2°(2m)) = (=1)* - 3-2""%b(2m) = (=1)* - 3- 21177 (=8b(m))
= (=1)"-3- 2" 3p(m).

Continuing this process we conclude that

g(2"m) = 3(—=1)F - 2" 3E=Dp(m) = 96(—2)* b(m). (4.13)
(a) By (4.13) we can observe that

i 2*m)oi(n —m 296 2)**b(m)o1(n — m)

—2)% i b(m)oi(n —m)
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so we use Proposition 2.4 (b) and have

Z (2"m)o1(n —m) = (=1)* - 2°**1{32d(n) + ¢(n) — (3n — 2) b(n)} .

m=1
Finally we appeal to (2.3).
By (4.13) we can easily know that

Z g(2"m)o1(n — 2m) Z 96(—2)**b(m)o1(n — 2m)

m<g m<g
3k
= g b(m)o1(n — 2m),
'm<n

which requests Proposition 2.4 (a) thus we obtain

Z g(2"m)o1(n — 2m)
m<z (4.14)

= (—2)%k {6d(n) - 320d(g) - 10c(g) +(3n—2) b(g)} .

So if n is even then we apply (2.4) to Eq. (4.14) but for odd n it is obvious.
Let us consider Theorem 1.3 (a) in another point of view as

n—1

g(ka)ol (n —m)

[

Z g(2" - 2m)o1(n — 2m) + Z g(2"(2m — 1))o1(n — 2m + 1)

m< g me< n;rl
- 9@ tm)or(n—2m)+ > g(2"(@m —1))or(n - 2m +1)
m<% m<

thus we replace k with k£ + 1 in (4.14) and insert the obtained value in the above equation so
that we have

> 9@ em —1)oi(n—2m +1)

m< n+1

= —(=2)"** {d(2n) — 48d(n) +2560d(5) + 80c( ) — (3n — 2) b(n) (4.15)
—8(3n—2) b(g)} .

If n is even then we use (1.2), (2.4), and Proposition 2.1 (a) in (4.15) but for odd n we can
easily simplify (4.15).
Proof is similar manner to proof of Theorem 1.3 (a) except we refer to Proposition 2.4 (d).

We follow proof of Theorem 1.3 (b) but we need Proposition 2.4 (f) and especially for even n,
we use Proposition 2.1 (b) and (c).

In similar manner to proof of Theorem 1.3 (c) we proceed and especially for even n, we should
refer to (1.2), Proposition 2.1 (b) and (c).

O
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5 Conclusions

In this paper, mainly we are focused on the convolution sum formulae as
Z oi1(m)os(n —8m) and Z os(m)oi(n — 8m)
m<g m<g

where n € N. And collaterally, we construct new convolution sums with the coefficients b(n), g(n),
and divisor functions and deduce some formulae.
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Appendix

The first eighteen values of 7(n) are given in the Table 1,

7(n) n 7(n) n 7(n)

1 7 —16744 13 —577738
—24 8 84480 14 401856
252 9 —113643 || 15 1217160
—1472 || 10 | —115920 || 16 987136

4830 11 534612 17 | —6905934
—6048 || 12 | —370944 || 18 2727432

U x| W N =3

TABLE 1. 7(n) forn (1 < n < 18)

similarly the first eighteen values of a(n), b(n), c(n), d(n), f(n), g(n), h(n), and k(n) are listed in the
following tables.

nlamn) || n|an) || n | an)
1 1 7 | =88 || 13 | —418
2 8 0 14 0

3| —12 9 —99 || 15 | —648
4 0 10 0 16 0

5 54 11 | 540 17 | 594

6 0 12 0 18 0

TABLE 2. a(n) forn (1 <n < 18)

n | b(n) n b(n) n b(n)
1 1 7 1016 13 1382
2 -8 8 —512 14 | —8128
3 12 9 | —2043 || 15 | —2520
4 64 10 | 1680 16 | 4096
5 | —210 || 11 1092 17 | 14706
6 | —96 12 768 18 | 16344

TABLE 3. b(n) for n (1 < n < 18)

c(n) n c(n) n c(n)
1 7 —4536 13 37806
—16 8 —4096 14 15232
100 9 23085 15 | —146472
—256 || 10 | —13920 || 16 | —65536
—154 || 11 | —38996 || 17 311442
2496 || 12 | 39936 18 | —74448

U W N3

TABLE 4. ¢(n) forn (1 <n < 18)
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n | d(n) n d(n) n d(n)
1 0 7 112 13 4384
2 1 8 256 14 —952
3 -8 9 —576 15 336
4 16 10 870 16 4096
5 32 11 | —536 17 | —17472
6 | —156 || 12 | —2496 || 18 4653
TABLE 5. d(n) forn (1 < n < 18)
" 7 v [T [n ] 70
1 0 7 44 13 39569
2 0 8 192 14 89424
3 0 9 694 15 | 191028
4 0 10 | 2208 16 | 388608
5 1 11 | 6296 17 | 756822
6 8 12 | 16384 || 18 | 1419200
TABLE 6. f(n) forn (1 <n < 18)
R O O R D)
1 16 7 | —25728 || 13 | 233056
2 256 8 | —49152 || 14 260096
3| 1728 9 | —44976 || 15 | 398976
4 | 6144 10 | —53760 || 16 | 393216
5 | 10976 || 11 | —55744 || 17 | —301280
6 | 3072 12 73728 18 | —523008
TABLE 7. g(n) forn (1 <n < 18)
n | h(n) n h(n) n h(n)
1 0 7 —24576 13 540672
2 0 8 0 14 0
3 | 4096 9 | —163840 | 15 385024
4 0 10 0 16 0
5 | 16384 || 11 | —20480 17 | —163840
6 0 12 0 18 0

TABLE 8. hu(n) for n (1 < n < 18)
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1 1 7 24 13 22
2 0 8 0 14 0
3 -4 9 | —11 || 15 8
4 0 10 0 16 0
5 —2 11 | —44 17 50
6 0 12 0 18 0

TABLE 9. k(n) for n (1 < n < 18)
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