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Abstract

This paper proposes a study of fuzzy LP (Q) spaces, incorporating functions with triangular fuzzy
coefficients. These fuzzy functional spaces provide a better adaptation to fuzzy or imprecise functions. We
establish the theoretical foundations of these spaces by examining key functional properties, such as the fuzzy
scalar product and the fuzzy norm.
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To do this, we checked the bilinearity, symmetry, positivity, homogeneity and triangular inequality in a fuzzy
environment and in the presence of functions whose coefficients are triangular fuzzy numbers, by the a-cut
Dubois and Prade approach.

The aim of this paper is to address observations identified in the existing literature, where some functional
properties of L P(Q) fuzzy spaces are often addressed in a too general manner, without specifying the types of
fuzzy functions. This study aims to provide a more detailed and rigorous analysis, thus enriching
mathematical understanding and paving the way for practical applications in diverse fields such as: fuzzy
differential equations, artificial intelligence, information processing, and decision making in uncertain
environments.

Keywords: a-cuts; fuzzy functions; fuzzy integrals; L P(Q) fuzzy spaces; fuzzy scalar product and fuzzy norm.

1 Introduction

The classical LP(Q) spaces, defined by

LP(Q) = {f:Q — R, f integrable and [ |f(x)|Pdx < +oo}, are fundamental tools in functional analysis,
differential equation theory and probability theory. However, their application to fuzzy functions or fuzzy
measures reveals significant limitations. To overcome these limitations, the study of L P(Q) fuzzy spaces, which
uses fuzzy integrals, has been considered.

In the existing literature on fuzzy norms and integrals, several relevant contributions have been observed [1]. In
2013, Chamkha Fatima Zohra examined the scalar product and the norm of fuzzy numbers using the a-cuts
approach, but without extending these concepts to fuzzy functions. Thus, her contribution remains limited with
respect to the definition of L ?(Q) fuzzy spaces in a context of fuzzy functions [2]. In 2020, Abbas Ghaffari et al.
proposed a dynamic model of fuzzy measure theory, called *-fuzzy measure, and showed how this model, based
on fuzzy sets and triangular norms, allows to define a norm on *-fuzzy function spaces (L*)? and to prove
inequalities such as Chebyshev's and H's dlder. However, this approach does not directly apply to L P(Q) fuzzy
spaces when the functions have triangular fuzzy coefficients, as it is based only on the membership degree.
Faced with these limitations, our study proposes to fill these observations by defining the spaces L ?(Q) in the
framework of triangular fuzzy coefficient functions, using the Dubois and Prade a-cut approach. This analysis

aims to deepen the theoretical understanding of fuzzy functional spaces and to provide a more complete and
rigorous approach to the associated functional properties.

2 Fuzzy Arithmetic of a-cuts[2, 3,4, 5]
2.1 a-cuts, kernel and support of a triangular fuzzy number
Definition 2.1.1. Letbe A = (a, b, c)a triangular fuzzy number, such that
a < b < c¢.The a-cuts of A are defined by the following relation:

A = [Ag, A7)

=[b—a)a+a,(b—c)a+c]l,a €[0,1]

Definition 2.1.2. We call the kernel of 4 , denoted N(A ), the set:

N(A) ={xeXiuz(x) =1}
With X as universe of discourse.

Definition 2.1.3. We call the support of A, denoted supp(4 ), the set:
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supp(A) = {x € X:0 < uz(x) < 1}
With uz (x) the membership degree of x to the subset 4 .
Remark 2.1.4. In practice, for a triangular fuzzy number
A = (a,b,c):
() ifa = 0 then [Ag, A§] = [a,c] = supp(4)
(i) if« = 1 then [A7,Af] = {b} = N(4 )
Example 2.1.5. Let a triangular fuzzy number be
A =(1,2,3)
A=[2-Da+1,2-3)a+3]=[a+1,—-a+3],a€[01]
Fora = 0 = supp (4) = [1,3]
For « =1 = N(4) = {2}.
2.2 Operations on the a-cuts[2,3,4,6, 5]

Let A = (a;,cq,b;) and B = (ay, ¢y, b,) be two triangular fuzzy numbers defined by their respective a-
cuts: 4 = [ay,b,] and B = [a,, b,] . We can then perform the following operations:

(i)Multiplication

A ®B =a;,b] ® [a, b,] = [Min G,Max G]
Where G is defined by G = {a,a,, a,b,, bya,, b1 b,}.
(i)Addition

A @B =[a;,b] @ [ay, b,] = [a; + ay, by + by]
(iii)Subtraction

A ©B =[a;,b] © [ay,b,] = [a; — by, by — a,]
(iv)Division

B£=M=[Mm (ﬂ a1 by ﬁ),Max (ﬂ a1 by b_l)](g # 0)

[az,bz] az’ by’ az’ by
(v)Multiplication by a scalar
LetA€R and A = [ay, b, ]

Ifl > O,A ® [al, bl] = [/1(11,/1171]
If1< 0,4 Q [ay,by] = [y, Aa,]

3 Fuzzy Functions and Fuzzy Integration [7,8,9,10,11,12]

3.1 Functions with triangular fuzzy coefficients

Definition 3.1.1. Let be Rrthe set of fuzzy numbers. We call a function of a variable with triangular fuzzy
coefficients any function £ defined by:
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iR — Ry

Definition 3.1.2. Let be Rythe set of fuzzy numbers. We call a function of several variables with triangular
fuzzy coefficients any function fdefined by:

f:R* - Rg

The representation of the a-cuts of a fuzzy function is given by:
~ _ - ~ +
Fo@ =|(Fe®) (F «) | € 0.1

3.2 Fuzzy integration

Definition 3.2.1. Let £ a function with triangular fuzzy coefficients and Q c R its domain of integration be. The
fuzzy integral I of £ is given by the following relation:

I= f f (x)dx
Q
By the a-cuts approach ,we have:

Lf(x)dx = Uﬂ (fa(x)) dx,fﬂ(fa(x)) dx],a € [0,1]

3.2.2 Properties

(i) if f, G : [a, b] — Ry are two integrable fuzzy functions and £, k € R, we have:
b _ b _ b
f [¢f (x) + kg (x)]dx = ef f (X)dx + kf G (x)dx.
a a a
(ii) if f:[a, b] = Rgis integrable and ¢ € [a, b],we have:
b . c b~
f f (x)dx =f f (x)dx +f f (x)dx.
a a c

Example. We give the fuzzy function f (x) = (1,2,3) x et Q = [2,5]. Let us calculate the integral on Q by the
f (x) a-cut .approach

We have:

5
I=f (1,2,3)x dx.
2

5
Supp (I) =f [1,3]x dx

5 5
=U xdx,f 3xdx]
2 2

21 63
1272
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5
N({) = f 2x dx = 21.
2

Hence the value of the fuzzy integral | is (% 21 673) or (10,5 ;21; 31,5), a triangular fuzzy number.

4 SpacesLP (Q)

Definition 4.1. Let p be a real number such that 1 < p < 4+o0 and Q an open set in R™. the LP () space is
defined as follows:

LP(Q) = {f:Q - R, f is intégrable and j [f)IPdx < +00}
Q

1
The norm associated with this space is given by: || fll,p ) = (J,|f () [Pdx)?
Proposition 4.2. The space (LP (), |I. [l »qy) is a normed space for
1<p<+oo.

Definition 4.3. Let be O an open set of R™. The L?(Q) space is defined as follows:
L2(Q) = {f: Q - R, f is integrable and J If () |%dx < +00}
Q
We denote the scalar product in this space by:(f, g),2(q) = [, f (x)g(x)dx, ¥ (f, g) € [L*(Q)]*.

The standard associated with this space is:||f |l 2y = (J,If (x)?dx)?
Proposition 4.4. (.,.),2(qg) is a scalar product on L*(Q).
5 L P(Q) fuzzy spaces [7,8,9, 10]

Definition 5.1. Let Qan open set of R™ and p a real such that 1 < p < +o0.We call the L () fuzzy space, the
set of functions with triangular fuzzy coefficients £ : Q@ — Ry such that f is integrable on Q and we set:

v = {f:ﬂ — Rg, f is integrable and f IF 0| dx < +00}
Q

We recall that in spaces L (), the scalar product is defined for p = 2.
Definition 5.2. Fuzzy scalar products on L 2()
Let £ and be g two functions with triangular fuzzy coefficients in L 2(Q) and

Q c R. We define the fuzzy scalar product of £ and § by the relation:
F e = | F00F @
Q

The approach of the a -cuts of (f, § ) 2(q) IS given by:
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Fo )i = [ [ g el ax. | [fa<x>ga<x>rdx],a € [0,1]

Definition 5.3. Fuzzy norms in L ?(Q)

LetQ cR,1<p < +ooandbe f afuzzy function with triangular fuzzy coefficients. We have:

1/2
Oy = I Pror = ([ [F 0T )

The a-cuts approach is given by:

_ _ ~ Y,
Wl = ([ a0y an [ 7ya) “aeton

@Oy = ([ IF 001 ax)

The a-cuts approach is given by:

1
/p
I leney = (| Frel e [ Fieolas]) " ae o
Q Q
Proposition 5.4. The application (.,.)rz(q, is a fuzzy scalar product on L.

Proof: To show that (.,. );2(q)is a fuzzy scalar product on the space by the L 2(Q) a-cut ,approach awe need to
check the properties of bilinearity, symmetry and definite positivity.

()Bilinearity
Forall f,g,h,p € L?(Q) andforall a,b,c,d € R, we have:
(af +bg,ch + dp )z = ac. (f,ﬁ)gz(n) + ad(f,ﬁ)fz(m

+bc. <g,]’7)52(9) + bd(.g' ﬁ>f2(ﬂ)
(af +bg,ch +dp)r2q,

= [ J 1(o7 « + 557 u@) () + do)]"dx, | [(aF o0
57 400) (R () +dpo())| " dx ],a € [01]
Let's develop the products:
(af «() +bF o)) (cha() + dF o)) = acf (R o (x) +

ad f o(x) P o(x) + bcg o (R o (x) + bd F ()P o(x).
So, we have:

(af +bF ,ch +dp); 2 =
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[J- [acfa(x)i{a(x) + adfa(x)ﬁa(x) + bc ga(x)i{a(x)
Q
+bdg ()P o(x) ]_dx,f lac o GOR (%) + adf ()P (%) + be F ()R o (x)
QO

+bdF o ()P o (x) ]+dx]

Using the linearity of fuzzy integrals, we obtain:

= ac [f [fa(x)f{a(x)]_' [fa(x)ﬁa(x)]+dx]
Q

+ad [ f [f ()P ()] dx, f [ « (0P « ()] dx
Q Q |

+bc [L[ﬁa(X)ﬁa(X)]_dx,L[ga(x)i{a(x)rdx

+bd [ | 17 dx, | (7 @7 @]
= acAf, h)pegqy + ad(f , P )2y + bel@, W )p2gy + bA(T , D)2 (o
This proves the bilinearity of {.,.); 2(q)-
(it)Symmetry
For everything f,§ € L2(), we must verify that:
(f )2 =T, 2w

Let's calculate each side:

(F.0) 2@ = [ fﬂ [F «(0)F ()] dx, fn [F a(x)g'a(x)rdx],ae [0,1]

@ ooz = | [ 18.0F ] x| (507 0]t 01,
Q Q
As f (0T (%) = § o(X)f o(x), the negative and positive parts of the products are the same. Thus:

[ IF e @] dx = [ 137 0] dx,a € [0.1]
() Q
[ IF e @] dx = [ 137 0], a € [0.1]
Q Q
S0, (f, 3 2y = (G f )rzqthis shows symmetry.
(iii)Positivity Defined

For it (f , f )r2(qyto be positive, we must show that:
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F P e = [ [ IF e@F @) . [ [F GOF (G0 | € [0.1
Q Q
~ ~ _ 2
Since f ,(x).f (%) = (f a(x)) , We have:

[L [(f“(x) )2]_ dx’fn[(fa(x)z)rdx],a € [0,1]

The terms [(F o (x)2)]" represent the negative and positive parts of (F o (x))*. Since (¥ o (x) )%is positive, its
negative part is zero:

[(Fe@)] =050 [ [(Fat))] dx =00 € lo)
Q
The positive part is simply:

fﬂ [(Fat))] ax = jﬂ (F @ )’dx,a € [0,1]

As f (fa(x) )de > 0, the fuzzy inner product is :
Q

(f.f),;z(m = [O,L(fa(x) )de],a € [0,1]

Moreover, (f, f )2y = [0,0]if and only if 7 = 0 on Q because [, (f (x) )de = 0 implies f , = 0 almost
everywhere on Q.Therefore, the definite positivity is well verified.

Under (2), (ii) et (iii), (., . )r 2(q)is a fuzzy dot product onL?(Q). m
Proposition 5.5. Space (L P(Q), . llr»(qy) is a fuzzy normed space for
p=1

Proof: To show that (E”(Q), Il ||L~p(ﬂ))is a fuzzy normed space, we must prove that ||. |[zr(q) satisfies the three
properties of a normon L?(Q)

The fuzzy norm ||. ||zr(q) is defined by the a-cuts approach as follows :

17 ey = (U 20O I 2o ax) . € [0,
For everything f € LP(Q)..
(i)Positivity
17 |5 q) = 0 pour tout f € LP(Q), et [|f ||, = 0if and onlyif /= 0.

For everything f € L'?(Q), we have:
Pl = ([ 17001 P [ 1700 T as]) e o
LP(Q) 0 @ ’ 0 a ’ ,
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The integrals f,|[7 (0] "dx =0 et ], |[Fo0o]’| dx > 0.
Therefore, || [| -5, > 0.

TOIF |y = 0 imply that 7 = ith][F |y = [0,0]

This means that:

U |[fa(x)]_|pdx,f |[fa(x)]+|pdx] = [0,0],a € [0,1]
Q Q

The positivity is therefore verified.
(ii)Homogeneity
For 1 € R and a fuzzy function f € L'P({),we must demonstrate that:

”)‘f”[p(g) = |’1|”f”5pm)

147 oy = (| [ 0] Pt [ 7 o) |d’“D1/p’“E[°’”
B (U AP[F £ (0] [, f [APIF a0 +|,,de
(”"’U [ wcol Tax | [IFocol"[ dD
— 1 ([ J 117wl Tax, | [I7ocol"| de

= |4]. ”f ”EP(Q)
Homogeneity is therefore verified.
(iii) Triangular inequality
For all fuzzy functions f and § in L P(), we must show that:
”f +§||ZP(Q_) < ”f ”[P(g) + ”5”51’(9)

Let's calculate || + 7 [| -5,

~ - ~ - -p ~ - +1|P 1/1')
7 + 8 on = (| [ 170 + gl P [ 7o)+ a0l [ ax]) e 0

Let us use Minkowski's inequality for integrals valid for p > 1:

i W e\ Yy
([IFee+ g0l Tar) "< ([IFaal Pax) "+ ([ o)
Q Q Q
. 1/p _ . 1/p 1/p
(f 17 G + 7 0] |”dx) s(f ey |”dx) +<f|[ga(x)]+|pdx)
Q Q Q
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Combining these two results:

. - -p 7 s v
I7 +§IIL~pm)=(Uﬂ [F GO + g o] |"a, f IF ae) + 3 oGOl de

X

B/
+([ fﬂ 105 1" P, fﬂ |[§a(x)]+|pdx]> !

[ earPas | |[fa(x)]+|pdx]>1/p

The triangular integrality is therefore verified.

All properties of a fuzzy norm are satisfied, (L (Q), |I. llzrq)) is a fuzzy normed space. m

6 Conclusion

This paper has provided an in-depth analysis of the functional properties of fuzzy spaces L ?(Q), incorporating
triangular fuzzy coefficient functions. We have established the theoretical foundations of these spaces by
examining key functional properties such as fuzzy inner products and fuzzy norms. Using the approach of a-cuts
by Dubois and Prade, we demonstrated bilinearity, symmetry, positivity, homogeneity, and the triangular
inequality within a fuzzy context, addressing gaps identified in the existing literature. Our results indicate that
fuzzy spaces L P (Q)offer a more flexible and suitable framework for dealing with fuzzy or imprecise functions,
paving the way for various practical applications, including fuzzy differential equations, artificial intelligence,
information processing, and decision-making in uncertain environments. To further explore these results, several
research directions can be considered:

Extensions of fuzzy spaces L ? ()

Study of fuzzy spaces L ?(Q) and fuzzy differential equations

Analysis of advanced functional properties of fuzzy spaces L ?(Q)

Development of algorithms based on fuzzy spaces L P (Q)for tasks in artificial intelligence
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